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Railway transportation is one of the key modes of travel today. The advancement 
in train technology leading to faster and faster trains is without doubt a positive 
development, which makes high-speed rail (HSR) travel a favorable alternative to 
other modes of travel for inter-city, inter-country or even inter-continent travel in the 
near future. However, the high speed of such trains does result in a set of heightened 
safety, design and maintenance concerns that were less discerning in non-HSR 
systems in which train speed are much lower. The history of HSR accidents, including 
the very recent Alvia train derailment in Spain in 2013, has shown that there is 
certainly an imperative need for research into the dynamics of HSR system, namely 
the train-track-foundation. This thesis aims to provide some answers to the various 
concerns cited above by carrying out a comprehensive computational study on the 
dynamic response of HSRs under various situations using the moving element method 
(MEM).  
The dynamic responses of three types of HSRs are investigated in this study, 
namely the continuously supported HSRs, discretely supported HSRs and curved 
HSRs. The first type comprises of a high-speed train travelling over a rail track that is 
continuously supported by a uniform or non-uniform foundation.  The second deals 
with the case in which the track is discretely supported by the foundation through 
sleepers. These are two of the most common type of today’s HSRs. The former two 
cases are confined to tracks that are straight, which obviously is not always the case. 
The third case is thus concerned with tracks that are curved and continuously 









Governing equations for the train-track-foundation system are derived. Various 
train models are employed, ranging from the simplest in which the train is assumed as 
a moving load to the more complex model where the train is an assemblage of car 
body, bogies and wheels inter-connected through suspension systems. The track is 
modeled as an Euler-beam resting over a viscoelastic foundation. The normal and 
tangential interaction between the wheels and track is captured using Hertz and 
Kalker contact theories, respectively. Due to the high speed of train moving over the 
track, the contact model adopted allows for the ‘jumping wheel’ phenomenon, in 
which there is momentary loss of contact between the wheel and rail.  Due to the 
nature of the motion of the train over a track that is seemingly infinitely long, the 
well-known FEM was not adopted as it suffers distinct difficulties. The MEM, a 
variation of the FEM, is thus adopted in this study as this method is better suited to 
deal with problems involving moving loads.  
The study on HSRs has revealed several interesting findings including the 
occurrence of the jumping wheel phenomenon. It is noted that a track transition, 
where a sudden change in foundation stiffness exists, may trigger the jumping wheel 
phenomenon for a severe enough track irregularity. Results obtained for the analysis 
of discretely supported HSRs show that the traveling condition along a discretely 
supported rail is generally more severe when compared to its equivalent continuously 
supported rail, and thus warrant a more frequent maintenance. The study on curved 
HSRs suggests that the speed of train be well confined to the design speed in order to 
avoid undesirable instability and maintenance issues. Finally the proposed MEM 
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1.1  Background 
Railway transportation is one of the key modes of travel today. The history of 
railway transportation dates back to the early 19th century where the first railway 
system was invented and put to use as a key public transportation system in Great 
Britain. The invention of car in the early 20th century caused a decline in the 
popularity of train as a mode of travel over land. With the development of car 
technology and the increase in construction of high-speed roads after the Second 
World War as well as the introduction of air travel, the use of railway system becomes 
further dampened. For example in the US, use of railway system as a mode of travel 
grinds almost to a halt due to the construction of high speed roads which led to car 
transportation becoming a key mode of travel after World War II. 
In the early 20th century, the maximum speed of trains was not high enough to 
compete against the use of aeroplane or car for the efficient transportation of goods 
and people over long distances. However, in recent times, the technology for high-
speed trains has grown tremendously. Today, we have trains that can easily reach a 
maximum speed beyond 200 km/h. As a result, high-speed rail (HSR) system has 
increasingly become more attractive as a favorable alternative to the other modes of 
transportation. 
High-speed rail is defined by the European Union as a railway transportation 









200 km/h (55.6 m/s) and 250 km/h (69.4 m/s) for upgraded and new tracks, 
respectively. In view of this definition of HSR, the Shinkansen railway system, which 
came into operation in 1964, can thus be considered the first HSR where the trains 
were known to be capable of reaching a speed of 210 km/h (Yang et al. 2004). Since 
then, increasingly faster trains were developed and put into operational use. For 
example, in 1978, an electric train manufactured in France was known to have a 
maximum speed of 260 km/h. In 1981, another high-speed train named “T.G.V” was 
introduced in France. The train was able to reach a record speed of 380 km/h. The 
development of high-speed train technology has continued at a remarkable pace. This 
has contributed significantly to making HSR an increasingly popular mode of 
transportation today. For instance in China, a new series of high-speed trains named 
“CRH-3” which can reach an average speed of 350 km/h has become widely used in 
many parts of China. 
HSR possesses numerous advantages over the other means of transportation. 
Firstly, HSR has a large transportation capacity. Compared to air or bus travel, HSR 
has the ability to transfer more people and cargos from one place to another in a single 
journey. Secondly, efficiency is another very important advantage of HSR. Nowadays, 
most high-speed trains can travel at speed beyond 250 km/h in their operation. 
Besides the speed, passengers are also far more concerned about the actual total travel 
time. For instance, the total travel time for air travel from Beijing to Shanghai, 
including the time required to check in and check out, is approximately five hours, 
while it takes about five to six hours for HSR travel. The difference in total travel 









there is even a more marked difference in the savings of travel time. As an illustration, 
the travel time for bus from Shanghai to Nanjing is about five hours; however, it takes 
only about one and a quarter hour for HSR. Also, HSR has often a higher operational 
frequency than the other modes of public transportation. This translates to less waiting 
time. For example, the waiting time interval is between 5 to 10 minutes for Beijing-
Shanghai HSR line in China (TravelChinaGuide contributors 2014). Thirdly, HSR is 
more reliable than the other modes of travel in terms of punctuality. Unlike air or 
other land travels, the effect of bad weather has lesser impact on HSR. Trains can run 
practically all day long unless extreme weather or natural hazards occur. There are 
still many other advantages that HSR offers, including efficient utilization of energy, 
less impact on the environment, comfortable riding, and so on. All these advantages 
make HSR travel a reliable mode of transportation. Without doubt, HSR will become 
a key means for inter-city and even inter-country transportation. 
The advancement in train technology leading to faster and faster trains is without 
doubt a positive development. As mentioned earlier, HSR travel has become a viable 
alternative to other modes of travel and may even outstrip air travel in inter-country or 
inter-continent travel in the future. However, the high speed of such trains does result 
in a set of safety, design and maintenance issues not previously noted in trains 
traveling at moderate or low speeds. For example, the risk of derailment of HSR train 
becomes higher with increasing speed even for the same track conditions. There is 
thus a need to fully understand the dynamics of high-speed train-track systems in 









History of accidents involving HSR trains has shown that there is certainly a need 
for research into the subject of high-speed train-track dynamics. The most severe 
tragedy in HSR history could be dated back to June 1998, when highly worn wheels 
of an ill-fated Inter-City Express (ICE) train triggered the derailment, resulting in the 
unfortunate death of 101 passengers and injuries suffered by 88 passengers 
(Wikipedia contributors 2014a). The rapid rise in the use of HSR travel in China has 
also led to reports of many accidents, among which the most severe disaster occurred 
in July 2011 when two high-speed trains crashed in Wenzhou. In this accident, the 
lighting in a bad weather caused the failure of the signaling system of one high-speed 
train, which led to the catastrophic disaster of another high-speed train traveling on 
the same railway track crashing into the incident train. Sadly, 40 passengers were 
killed and 210 were injured in this accident (Wikipedia contributors 2014b). Very 
recently in July 2013, a Spanish train derailed when entering a curved rail due to it 
traveling at a speed more than twice the speed limit. This accident has resulted in 79 
deaths and 170 injured passengers (Wikipedia contributors 2014c). These disasters 
have revealed that there is an urgent and important need for research to be carried out 
to comprehensively investigate and understand the dynamics of train-track systems. 
Results from the research can then be used by the relevant authority to implement 
appropriate measures to address operational and maintenance issues so as to reduce or 
eradicate the chance of accidents occurring.  
The dynamic response of HSR system depends mainly on the wheel-rail 
interaction, which can be affected by a number of factors. These factors include train-









foundation conditions, etc. For example, the more severe the railhead unevenness is, 
the higher the vibration level of the system would be expected. A variation in the 
properties of the supporting foundation would also have effect on the dynamic 
response of the HSR system. Therefore, it is of great significance to consider the 
effect of individual and / or combined aforementioned factors on the response of the 
system.  
 
1.2  Literature Review 
The dynamics of train-track system has interested many researchers since the 
birth of the railway system. Both experimental investigations and computer-based 
simulations are commonly used to carry out the analysis. The results from an 
experimental study can be accurate provided that the procedure is well designed. 
However, in the case of the HSR system, the cost of experimental study is generally 
too expensive. Theoretical analysis, on the other hand, has been widely adopted in the 
study of train-track system, and has been proven to be able to offer results with 
sufficient accuracy. In view of the well-established theory and the rapid development 
in computer performance, this thesis will focus mainly on computer-based simulation 
of HSR system. A brief review on the development of the theory related to the train-
track dynamics will be discussed in this section. 
The train-track system is usually modelled as a railway track beam resting on its 
supporting foundation and subject to moving train loads. Early studies were mostly 
based on analytical approaches considering rather simplified train-track interaction 









the treatment of a beam carrying moving loads, Kenney (1954) presented a closed-
form solution to the steady-state response of a straight Euler-Bernoulli beam resting 
on an elastic foundation subject to a constant-velocity moving load. A transposition in 
coordinate system was firstly employed such that its origin is located at the 
application point of the moving load, and then the governing equation was solved 
with the use of Green’s function. Using the same approach, Nair et al. (1985) studied 
the steady-state response of a curved rail subject to a moving load. As a limiting case, 
the steady-state response of a straight rail was obtained. However, there seems to be 
inconsistencies in the results obtained for the case of curved rail as compared to the 
straight rail. By assuming different stiffness properties of the elastic foundation before 
and after the moving load, Lei (2006) investigated the steady-state response of a 
continuous straight beam resting over a Winkler-type foundation with abrupt stiffness 
change. However, the transient response arising from a moving load traveling across a 
discontinuity in foundation properties was not considered. It should also be noted that 
the systems were assumed to be undamped in the latter two research works. 
In a study similar to Kenney (1954), Sun (2002) studied the same problem 
utilizing another closed-form approach namely, the Fourier transform method (FTM). 
The solution was constructed in the form of the convolution of the Green’s function of 
the beam and the theorem of residue was employed to evaluate the generalized 
integral. To include the effect of shear deformation and coupling of dynamic vibration 
between the track and supporting soil foundation, Chen and Wang (2006) investigated 
the steady-state response of a Timoshenko beam on an elastic half-space under a 









investigated the effect of periodically spaced sleepers on the dynamic response of the 
rail. 
Timoshenko et al. (1974) solved the differential equation in the time domain for a 
simply supported undamped beam subject to moving loads by means of the mode 
superposition method. Such method, also known as an open-form analytical approach, 
requires infinite number of modes multiplied by generalized displacements in order to 
make the solution exact. However, in many practical applications, satisfactory 
convergence and accuracy of the solution could be achieved by use of a finite number 
of orthogonal modes. Taking advantage of this approach, Yang et al. (2001) analyzed 
the dynamic response of a simply supported undamped curved beam subject to 
moving loads. Only the first mode of vibration was considered in their research work 
due to the difficulty of employing mode superposition method owing to the fact that 
the assumed modes corresponding to the in-plane response are not orthogonal. By 
utilizing piece-wise homogeneous structures, Dimitrovová (2010) analyzed the 
transient response of a straight beam resting on an inhomogeneous foundation subject 
to a time dependent moving load. 
All the aforementioned analytical methods seem to be elegant and are able to 
provide clear physical insights into the nature of the problem. However, they are 
limited in practical applications involving complicated systems. Fundamental 
solutions are usually applicable to problems considering steady-state responses only, 
in which the magnitude and speed of the moving loads are assumed to be time-
invariant. The FTM and mode superposition method can overcome the complication 









Green’s functions. However, these methods are not suitable for solving problems 
involving moving loads of varying speed and/or sophisticated train and track-
foundation models composed of multiple degrees of freedom (DOFs).  
In view of the well-established theory and wide application of the finite element 
method (FEM), various kinds of problem regarding beams traversed by moving loads 
have been solved numerically. A good review of the application of FEM to moving 
load problems has been carried out by Filho (1978) who also employed the method to 
investigate the response of a simply supported beam subject to a two-degree-of-
freedom moving mass system. Olsson (1985) investigated the problem of a train 
traversing across a bridge based on a proposed bridge-vehicle element in which the 
constraint equations are used at the element level. In the simulation, a modal 
coordinate formulation was adopted for bridge element, while the train wheel and the 
bridge element in contact were modeled as a single element. In contrast to standard 
FEM elements, the bridge-vehicle element is time-dependent. Results of this study 
revealed that computational efficiency was achieved when compared to standard FEM 
simulation. Lin and Trethewey (1990) analyzed the response of elastic beams with 
various boundary conditions subject to moving dynamic loads. In their research, the 
moving loads were modeled as a one-foot or two-foot moving dynamic system, in 
which the foot of the moving dynamic system was modeled as an unsprung mass 
always in contact with the beam. To account for the effect of wheel-rail interaction, 
Nielsen and Igeland (1995) investigated the response of a beam discretely supported 
by sleepers subject to a moving six-degree-of-freedom sprung mass system under 









modeled as an unsprung mass but a rigid body connected to the rail through a spring 
system so that the pitching motion of the wheel could be captured. The effects of 
railhead corrugation, skid flat on the wheel tread and support failure of a single 
sleeper on the train-track system was also investigated. By using a detailed 3-D model, 
Ekevid and Wiberg (2002) studied wave propagation in elastic foundation induced by 
high-speed trains. In order to account for the unbounded domain, a hybrid method 
based on the combination of conventional FEM and Scaled boundary finite element 
method (SBFEM) was proposed to generate accurate and reliable results. To account 
for the effect of subgrade including sleepers and ballast, Lei and Noda (2002) 
proposed a generalized beam element for the track. In each generalized beam element, 
each beam node was connected to a ballast mass through spring-damper system 
representing the effect of sleeper, and an additional degree-of-freedom for the lumped 
ballast mass was added to the corresponding beam node. The model was subsequently 
applied to the analysis of HSR system involving track-transitions where the stiffness 
of the subgrade experienced abrupt change (Lei and Mao 2004). Jin et al. (2006) 
investigated the development of corrugation along curved railhead under train 
passages based on a 3-D train-track model. The plastic deterioration of curved welded 
rail at rail weld induced by train-track interaction was studied in (Li et al. 2011). 
Besides the research works focusing on train-track modeling, different types of beam 
member elements have also been developed and investigated (Malekzadeh et al. 2010, 
Sabir and Ashwell 1971, Wu and Chiang 2003, Yoon et al. 2005).  
Although the FEM is elegant and widely employed in the study of beam under 









load eventually reaches the artificial boundaries. In an attempt to overcome this 
complication encountered by FEM, Krenk et al. (1999) proposed an FE solution in 
convected coordinates to the response of an elastic half-space subject to a moving 
load. By adopting a moving-frame-of-reference representation, the load is always kept 
within and will never move out of the mesh. Transmitting boundary conditions (TBCs) 
were also applied to ends of the truncated domain in order to account for an infinite 
medium. This allows the use of a relatively smaller domain size when compared to 
the standard FEM. On the same thread, Andersen et al. (2001) presented a FEM study 
of a beam on a Kelvin foundation subject to a harmonic moving load. Subsequently 
Koh et al. (2003) employed the moving axis for solving train-track problems and 
named the numerical algorithm as the moving element method (MEM). The method 
was further adopted and applied to the analysis of in-plane dynamic response of 
annular disk (Koh et al. 2006) and moving loads on a viscoelastic half space (Koh et 
al. 2007).  
 
1.3  Motivation 
As stated earlier, HSR processes numerous merits which have promoted itself to 
become not only a popular means of inter-city transportation in many countries, but 
also a promising mode of travel for inter-continent transportation in the future. 
However, with the rapid advancement in train technology resulting in faster trains, 
there is an urgent need to research into the dynamic response of HSR systems in view 
of safety and comfort issues. The importance of research in this area is further 









Alvia train in Spain due to the train traveling at a speed more than twice the speed 
limit when it enters a curve section.  
A brief review of studies of train-track related problems adopting various 
methods has been presented in the previous section. Although analytical approaches 
are elegant and can provide clear insights into the nature of the problem, they are 
however limited to solving rather simplified train-track systems. Real train-track 
systems are much more complex and with the advancement of computer technology, 
it is not surprising that many recent studies in the literature were based on 
computational methods. As already stated, the FEM suffers various disadvantages in 
dealing with moving load problems. The MEM appears to be more suited but, to the 
author’s knowledge, the method has so far been limited in applications involving 
uniform straight beams resting on horizontally continuously homogeneous foundation. 
There is a need to extend the method to be able to solve moving load problems 
involving beams on non-uniform foundation, beams discretely supported and curved 
beams. These scenarios are reflective of practical HSR systems.  
HSRs often encounter track transition regions. These are regions in which there is 
an abrupt foundation stiffness change and are known to cause problems (Esveld 2001, 
Lei et al. 2009). Besides the commonly used continuous slab tracks, discretely 
supported rails are also widely adopted such as the famous TGV system, where the 
rail beams are supported on sleepers or rail pads and fasteners. Discretely supported 
rails pose a challenge when the MEM is adopted. Furthermore, due to the periodical 
change in stiffness of the track-foundation structure, there is concern over the possible 









curved due to ground terrain condition. Trains traveling over a curved track need to 
limit the speed to avoid derailment, which was the main cause of the accident 
involving the Alvia train in Spain.  
 
1.4  Objective and Scope 
The objective of this thesis is to develop an effective and improved moving 
element method (MEM) for investigating the dynamic response of HSR systems. The 
scope of the research work includes: 
(1) Contact model that accounts for ‘jumping wheels’ 
A contact model for the wheel-rail interaction that allows for the occurrence of 
the ‘jumping wheel’ phenomenon is to be developed. The phenomenon occurs when 
there is a temporary loss of contact between the wheel and rail. Both the Hertz contact 
theory and Kalker’s theory will be employed to account for the normal and tangential 
contact forces between the rail and wheel. The study will then examine the situations 
when the ‘jumping wheel’ phenomenon occurs and determine its effect on the system.  
 (2) Response of HSR at track transitions 
The standard MEM is incapable of investigating problems in which the 
foundation properties are non-uniform, in particular, when there is an abrupt change at 
so-called track transitions. A modified MEM is thus proposed to deal with track 
transition problems. Different train models, ranging from the simplest moving load 
model to the more complicated and realistic moving sprung mass model, are 
employed to investigate the response of the HSR system at transition regions. The 









particular, the occurrence of the ‘jumping wheel’ phenomenon is investigated. 
Parameters considered include the speed of train, degree of track irregularity and 
degree of change of foundation stiffness at the transition region. 
 (3) Response of discretely supported HSR  
The standard MEM experiences a complication for the analysis of HSR that is 
discretely supported. A computational scheme based on the MEM is thus proposed to 
account for the situation in which the rail beam is resting on discrete supports 
comprising of sleepers, rail pads and fasteners. A parametric study is performed to 
investigate the effect of train speed, degree of track irregularity and stiffness of 
discrete supports on the dynamic response of the HSR system. As a comparison, the 
response of a continuously supported HSR system using a foundation stiffness 
equivalent to one that is discretely supported is obtained. The difference in results 
between the ‘equivalent’ continuously supported and the discretely supported HSRs is 
compared and discussed. 
(4) Response of HSR over curved tracks 
The standard MEM is incapable of dealing with problems of trains traveling on 
curved tracks. The MEM is thus extended to overcome the complication suffered by 
standard MEM in the treatment of curved HSR systems. In view that there is a lack of 
results in the literature, both analytical and numerical, that can be used for the purpose 
of validating the proposed extended MEM for curved HSR, an analytical study of a 
curved beam resting on a viscoelastic foundation subject to trains treated simply as 









dynamic response of HSR system considering realistic and sophisticated train-track 
models.  
This thesis aims to carry out comprehensive computational study on the dynamic 
response of HSR systems under various situations. The MEM is extended to deal with 
various scenarios including HSR at track transitions, discretely supported and curved 
HSRs. The proposed schemes based on the MEM in the treatment of HSR problems 
also contribute to the knowledge in the area of computational analysis of moving load 
problems. Results reported in this study can be used as a basis for design of HSR 
systems in the future. 
 
1.5  Layout of Thesis 
The thesis is organized into seven chapters. Chapter 1 presents the background on 
HSR systems. A literature review of research works related to train-track dynamics is 
then presented. The motivation for carrying out this research study is explained and 
finally the objective and scope of study are clearly stated. 
Chapter 2 presents the details of various mathematical models of the components 
of an HSR system, namely the train, track-foundation and the wheel-rail contact. The 
derivation of the governing equation of motion of the HSR system is also presented.  
The computational method for solving the governing equation of motion is 
presented in Chapter 3. This includes the moving element method, the energy 
absorbing layer adopted for transmitting the incident waves at the boundary of the 









this, the results of an accuracy study of the adopted computational method are then 
presented.  
Chapter 4 presents the numerical study on the dynamic response of a 
continuously supported HSR. A computational procedure is proposed based on the 
MEM to deal with problems involving non-uniform foundation including so-called 
track transitions, where there are abrupt changes of foundation stiffness. The accuracy 
and efficiency of the proposed approach in solving track transition problems are 
examined and discussed. A parametric study is also performed to investigate the 
influence of various factors on the response of HSR system at transition regions. 
Chapter 5 is concerned with extending the use of the MEM for solving moving 
load problems involving discretely supported HSR. The accuracy and efficiency of 
the proposed scheme is verified through comparison against available analytical 
solution in the literature and results obtained using the FEM. A discussion on a 
parametric study to investigate the effect of various factors on the response of 
discretely supported HSR systems is presented. 
The study of a continuously supported curved HSR system is presented in 
Chapters 6 and 7. For such a complicated problem, an analytical study is first carried 
out in Chapter 6 based on a simplified HSR system modeled as a single or sequence 
of moving loads over a curved beam. The out-of-plane and in-plane responses of a 
curved beam subject to a single or sequence of moving loads are examined in detail 
using the proposed analytical formulas. The dynamic response of a curved HSR 
system using a sophisticated model employing a proposed 3-D train-track model is 









dynamic response of high-speed trains traveling on curved tracks are then presented 
and discussed. 
Chapter 8 summarizes the overall conclusions and main findings arising from this 































2.1  Introduction 
The dynamic behavior of the train-track system is a complex problem. One major 
approach to understand the nature of the train-track dynamics is through computer-
based analysis. The accuracy of the analysis depends heavily on the accuracy of the 
mathematical model in describing the behavior of the complex train-track system. 
Simple models enjoy the advantage of low computational cost with sufficient 
accuracy under certain restrictive conditions. However, in general, more sophisticated 
models may be needed to give more accurate predictions at the expense of high 
computational cost. This chapter presents the various models employed in this study 
as well as the formulations of the corresponding governing equations.  
The train-track system is generally composed of two parts, the upper structure 
and the lower structure (see Fig. 2.1). The upper structure of the system refers to the 
vehicle, including the coach body, bogie and wheel-set; while the lower part is 
composed of the track and the supporting foundation, including the sleepers and 
ballast (if any). In a typical analysis, the two parts are modeled with elastic materials 
and are connected as a coupled system that accounts for interaction between the upper 











Figure 2.1 Schematic drawing of train-track system (Castañeda et al. 2011) 
 
In this thesis, a rail beam resting on viscoelastic foundation and subject to loads 
exerted by moving trains that are traveling at a constant speed V is considered. In 
view that the lateral motion of the train-track system which is horizontally 
perpendicular to the traveling direction of the train is usually small in most cases, 
particularly for straight tracks, the major focus will be placed on the vertical motion 
of the system. Thus, unless noted otherwise, only one rail subject to half weight of the 
train will be considered in the train-track model. 
In this chapter, the track-foundation model, also known as the lower structure 
model, will be first introduced. The details of the model such as the rail alignment and 
foundation properties will be discussed. Next to be introduced are the train models. 
Various models ranging from the simplest moving load to the more sophisticated 
moving sprung mass will be presented and discussed. Lastly the upper and lower 
structures are connected to each other through the wheel-rail contact model. Models 

















2.2  Track-Foundation Model 
The lower structure of a train-track system is generally composed of the railway 
track and its supporting subgrade, which can be presented by means of an appropriate 
track-foundation model. In modeling the railway track beam, most researchers have 
employed the Euler-Bernoulli theory in view of the high degree of slenderness of the 
rail. The modeling of the subgrade can be made based on several theories. Winkler 
hypothesis is one of the most popular aforementioned theories, in which the 
foundation’s reactive pressure is assumed to be proportional to the deflection of the 
rail beam (Saitoh 2012). The merits and shortcomings of the Winkler-type foundation 
as well as the historical background of this model are well summarized by 
Mahrenholtz (2010). In view that concrete slab tracks are preferably used for high-
speed rails, this thesis will focus on modeling the lower structure of the HSR system 
by means of an Euler-Bernoulli beam resting on a simplified single layer viscoelastic 
foundation. 
Consider a straight Euler-Bernoulli beam resting on a viscoelastic Winkler-type 
foundation subject to a single moving train load traveling at a constant speed V, as 
illustrated in Fig. 2.2. The viscoelasticity is modeled using the Kelvin-Voigt model. 


























  (2.1) 
where E, I and  are the Young’s modulus, second moment of area, mass per unit 
length of the beam, respectively; k(x) and c(x) denote the variation of the vertical 










railway; x denotes the horizontal axis along the track and y refers to the vertical 
displacement of the track; Fc the dynamic contact force exerted by the wheel on the 
rail; and δ denotes the Dirac-delta function. 
 
Figure 2.2 Rail track on viscoelastic foundation 
 
Note that in Eq. (2.1), the foundation properties k(x) and c(x) are treated as 
functions of x. In most cases, concrete slabs are used in the pavement of high-speed 
rail (HSR) systems. Unlike traditional ballasted tracks, those concrete slabs are able to 
provide support that is strong enough to fix the rail alignment in position and stabilize 
the rail under violent motion. In cases where the section of the concrete slab is 
uniform and the variation of the foundation stiffness is small, the properties of lower 
structure components supporting the rail beam can be reasonably modeled as a 
continuous spring-damper system of homogeneous properties, i.e. k(x) and c(x) are 
constants, especially for embedded rails (see Fig. 2.3). For the case of track transitions, 
where for instance a concrete slab track changes to a track at the abutments of open 
deck bridges (see Fig. 2.4), the stiffness of the foundation experiences an abrupt 
change (Lei and Mao 2004). This aforementioned foundation property’s variation can 
be represented in terms of Heaviside step functions. For cases where concrete sleepers 
and / or rail pads are used in concrete slab tracks for the purpose of increasing 
resilience (see Fig. 2.5), the supports provided by the slab pavement should be more 









foundation properties, represented in terms of k(x) and c(x), can be expressed in form 
of Dirac-delta functions.  
 
 
Figure 2.3 Illustration of cross-section of embedded rail 
 
 











Figure 2.5 Illustration of concrete sleepers track 
 
2.3  Train Model 
Various train models have been proposed in the literature, ranging from simple to 
complex. The most commonly used are discrete models in which the various 
components of the train are treated as rigid bodies interconnected by spring and 
damper units. Perhaps, the simplest train model is the moving load model, where the 
vehicle is modeled as a moving load. This model is accurate enough for cases where 
the mass of the train is much smaller than that of the lower structure so that the inertia 
effects of the vehicle mass are neglected. Another train-track model is called the 
moving mass model, where the inertia of the vehicle is taken into consideration. 
However, the drawback of this model is that the wheel of the train is assumed to be 
always in contact with the rail and thus there is no allowance for any pitching motion 
of the train body. The interaction between the wheel and rail is also neglected.  
The moving sprung mass model is perhaps the most widely used train model. The 
model considers the train as several components, namely the car body, bogie and 
wheel-set. These components are treated as rigid bodies and their masses are linearly 









pitching motion and therefore is regarded as a more realistic representation of a train 
compared with the aforementioned two models. In this research work, the moving 
load model is adopted solely for the purpose of verifying the accuracy and efficiency 
of the proposed MEM due to its simplicity. For the rest of the work done, the more 
complicated moving sprung mass model is adopted to investigate the dynamic 
response of train-track system. 
 
2.3.1  Moving Load Model 
In this model, the loading due to the train is simplified into a single or a sequence 
of loads Pi that travel at a velocity V along the track, as shown in Fig. 2.6. With this 
model, the essential dynamic characteristics of the foundation arising from the 
moving action of the train can be captured with a sufficient degree of accuracy (Yang 
et al. 2004). However, the effect of interaction between the wheel and rail is ignored. 
For this reason, the moving load model is good only for the case where the mass of 
the train is much smaller than that of the lower structure. 
 
 
Figure 2.6 Moving load model 









2.3.2  Simple Moving Sprung Mass Model 
In the simple moving sprung mass model, the train is modeled as a system of 
three rigid components (Koh et al. 2003), namely the car body, bogie and wheel-set, 
inter-connected as shown in Fig. 2.7. The connection between the bogie and the 
wheel-set is referred to as the primary suspension system, while the connection 
between the car body and the bogie is referred to as the secondary suspension system. 
The two suspension systems are modeled with linear springs and dampers. The 
properties of these spring (kp, ks) and damper (cp, cs) elements are chosen to reflect the 
structural behavior of the primary and secondary suspension systems of the train. In 
order to account for the wheel-rail interaction, the wheel-set is assumed to be 
connected by a spring element to the track. The magnitude of the spring constant, kH, 
needs to be chosen carefully to model accurately the interaction between the wheel 
and track. This will be dealt with later in this chapter. 
 
 









In this current work, the vehicle is assumed to traverse the railway track at a 
constant velocity, V, in the positive x-direction. The three vertical displacement 
degrees of freedom (DOFs) of the car body, bogie and wheel-set are denoted as ,
and , respectively.  Based on Newton’s second law of motion, the governing 




where ,  and  denote the masses of the car body, bogie and wheel-set, 
respectively, and  the contact force between the wheel and track. 
For sake of convenience and simplicity, the governing equations of motion for 
the simple moving sprung mass model may be written in matrix form as 
 (2.5) 
where Mu, Cu, Ku and Pu denote the mass, damping, stiffness matrices and force 
vector of the upper structure of the train-track system, i.e. the train model; zu refers to 
the displacement vector of train components, which in the case of the simple moving 
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2.3.3  Extended Moving Sprung Mass Model 
In the extended moving sprung mass model, the train is more realistically 
modeled as a single car body with two bogies and four wheel-sets (Koh et al. 2003), 
as illustrated in Fig. 2.8. Like in the simple moving sprung mass model, these 
components are again assumed to be rigid bodies. The connections between these 
various components of the train model are assumed to comprise of a spring-damper 
unit with appropriate properties. Each bogie is assumed to be supported by two wheel-
sets and is referred to as the primary suspension. The car body is supported by the two 
bogies with a similar spring-damper unit of appropriate properties and is referred to as 
the secondary suspension. Thus, unlike the simple moving sprung mass model where 
the car body and bogie can only move in the vertical direction, the extended moving 
sprung model allows rotational DOFs for the car body and bogies. 
 
 









In the extended moving sprung mass model, the three vertical displacement 
degree of freedom (DOFs) of the car body, the bogie at the rear and the bogie in the 
front of the vehicle are denoted by ,  and , respectively. The vertical 
displacement DOFs of the wheel-sets are denoted by  ( 1, 2, 3, 4). The three 
rotational DOFs of the car body and the two bogies are denoted by c , br  and bf . 
Based on Newton’s second law of motion, the governing equations of the 10-DOFs 
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where ,  and  denote the masses of the car body, the bogie at the rear and 
the bogie in the front of the vehicle, respectively;  the mass of the ith wheel-set; 
,  and  denote the moment of inertia of the car body, the bogie at the rear and 
front of the vehicle, respectively;  and  denote the stiffness and damping 
properties of the primary suspension;  and  denote the stiffness and damping 
properties of the secondary suspension. 
Again for sake of convenience, the dynamic equations of motion of the extended 
moving sprung mass model can be written in matrix form as stated in Eq. (2.5), where 
the nodal displacement vector of the train components shall be rewritten as 
 T4321 wwwwbfbrbfbrccu uuuuuuu z  (2.17) 
 
2.4  Wheel-Rail Contact Model 
In train-track dynamics, the vibration of the upper (train) and lower (track-
foundation) structures are linked via the interaction between the wheel and rail (see 
Fig. 2.9). The wheel-rail contact is a complex mechanism. The interface between the 
wheel and the rail is a small horizontal contact zone. The contact pressure on this 
small surface is close to a stress concentration (Iwnicki 2006). The contact pressure 
















Figure 2.9 Wheel-rail interaction (Tassini et al. 2014) 
 
Consider the relative motion between the wheel and rail that is perpendicular to 
the contact surface, as shown in Fig. 2.10. The Hertz theory is employed to account 
for the normal wheel-rail contact. According to Hertz contact theory, the elastic 
deformation of the wheel and the rail creates an elliptic contact area. The dimensions 
of the contact ellipse are determined by the normal force on the contact area, while the 
ratio of the ellipse axes depends on the curvatures of the wheel and rail profiles. The 
shape of the elliptic contact area relates to the location of the wheel-rail contact area 
across the railhead (Esveld 2001). Figure 2.11 illustrates the shape of the contact 
ellipses on the railhead. 
 
 










Figure 2.11 Wheel-rail contact areas (Esveld 2001) 
 
As the shape of the contact ellipse changes according to the location of the 
contact between wheel and rail, it is difficult to determine the shape of the contact 
area from time to time in the dynamic analysis. In order to circumvent the difficulty of 
finding the instant geometry of the contact ellipse, a reasonable assumption is made in 
which the contact area is taken to be always circular and the radius of the railhead is 




where  denotes the contact indentation and is the algebraic sum of the 
displacement of the track at the contact point, , the magnitude of track surface 
irregularity, , and the displacement of the wheel in contact with the track, ; Fc 
denotes the Hertzian contact force; KH the Hertz spring constant; Rwheel and Rrailprof the 
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radii of the wheel and railhead, respectively; E and υ the elastic modulus and 
Poisson’s ratio of the material, respectively. 
Track irregularity is the major cause of dynamic loads generated by a moving 
train. In this thesis, the vertical track irregularity profile is assumed as a sinusoidal 
function which can be written as 
 (2.19) 
where at and λt denote the amplitude and wavelength of the track irregularity, 
respectively. 
The corrugation of the rail surface and weld imperfections are the most important 
factors accounting for irregularities with wavelengths ranging from as small as in the 
order of centimeters to moderate values of up to 3 meters. For irregularities with 
larger wavelengths in the order of 3 meters and more, the key causes are due to rail 
rolling defects and uneven settlement of the foundation (Clark et al. 1982, Esveld 
2001, Grassie and Kalousek 1993, Nielsen and Igeland 1995).  
As the relationship between the contact force and indentation of the contact 
surface given in Eq. (2.18a) is non-linear, the computational effort required from 
adopting such a contact model in the study of train-track dynamics is expectedly high. 
Thus, to avoid the high computational cost and complexity of the problem, most 
researchers have adopted a simplified approach by linearizing the contact force model. 


















where KL is the linearized Hertzian spring constant evaluated using the relationship 
between the force and displacement increments around the static loading condition 
(Esveld 2001), in which the reaction force at the contact point equals the self-weight 
of the upper structure of the train-track system. Thus, the linearized Hertzian spring 
constant may be expressed as 
 (2.20b) 
where W denotes the self-weight of the upper structure of the train-track system, i.e. 
the weight of the train. 
It is to be noted that the form of the linearized contact model given in Eq. (2.20a), 
which is widely adopted in the literature, is inappropriate in accounting for the so-
called ‘jumping wheel’ phenomenon. The phenomenon occurs when  resulting 
in a temporary loss of contact between the train wheel and track and the contact force 
reducing to zero. However, Eq. (2.20a) indicates that an erroneous tensile force exists 
between the wheel and railhead when the phenomenon occurs. In order to take into 
account the possible occurrence of the ‘jumping wheel’ phenomenon, a bi-linear 
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3.1  Introduction 
In the previous chapter, the mathematical expressions of the equations of motion 
for the train-track models are described in detail. In order to obtain the dynamic 
response of the train-track system under given conditions, appropriate approaches 
need to be employed to solve the governing equations described in Chapter 2, in both 
spatial and time domain.  
This chapter aims to introduce the computational method for the purpose of 
solving the governing equations of the HSR system. This includes the moving 
element method for solving the governing equations of HSR in both spatial and time 
domain and the implementation of energy absorbing layers to account for the 
transmission of incident waves at the boundaries of the domain. As an illustration, the 
response of an Euler beam resting on a uniform viscoelastic foundation and subject to 
a moving load is investigated. Results generated using the MEM are compared against 
available analytical solutions in the literature and those obtained using the FEM. The 
accuracy and efficiency of the MEM in the treatment of a beam traversed by a moving 
load is examined and discussed.  
 
3.2  Moving Element Method 
As already stated, the moving element method (MEM) originates from the finite 









adoption of the coordinate systems. In a FE analysis, the moving load is assumed to 
travel uniformly at a velocity V in the direction of the positive x-axis whose origin is 
fixed (see Fig. 3.1). In the MEM, a traveling r-axis is used in which the origin is fixed 
at the same position of the moving load and is thus traveling at the same velocity as 
the load, as shown in Fig. 3.1. In view that the moving external load always acts at the 
same point in the system model, there is thus no need to keep updating the load vector 
as is required in the FEM. Also, the load will never move out of the domain, which 
allows the use of a relatively smaller numerical model when compared to the FEM 
(Andersen et al. 2001). 
 
 
Figure 3.1 A moving load traversing a rail beam 
 
The relationship between the aforementioned fixed and moving coordinate 
systems can be written as 









Based on Chain rule, the governing equation of motion in moving coordinate for 
an Euler-Bernoulli beam resting on a viscoelastic foundation subject to a moving train 
load may be written as 























































In a typical MEM analysis, a segment of the railway beam is truncated and 
discretized into so-called moving finite elements, as shown in Fig. 3.2. The length of 
the truncated track used for the analysis should be large enough to minimize the 
erroneous effects of the artificial boundaries. Also, the size of the moving finite 
elements should be small enough to ensure the convergence of the numerical results.  
 
 
Figure 3.2 Discretization of railway beam into finite elements 
    
For a typical moving element of length L, the governing differential equation is 
multiplied by an arbitrary weighting function w(r) and integrated over the element 









































































The approximation for the displacement is now introduced. This approximation is 
given by 
 (3.4) 
where  and  are the element shape function and nodal displacement vectors, 
respectively. Considering a 2-noded element, as shown in Fig. 3.2, the element shape 
function matrix and nodal displacement vector are given by  
 (3.5a) 
 (3.5b) 
where yi and θi denote the vertical and rotational displacements of node i and the 





By adopting Galerkin’s approach, the element mass, damping and stiffness 
matrices as well as the load vector for the moving element of length  can be 






















































T dd2 NNNNC  (3.8) 














T dddd NNNNNNNNK  (3.9) 





T dNP  (3.10) 
where N refers to the vector of shape functions. The subscript r denotes partial 
derivative with respect to r. It can be seen from Eq. (3.8) that there is a negative 
numerical damping term due to the use of the moving axis traveling at velocity V. 
Thus, should the contribution from the actual physical damping be not large enough 
as compared to the negative numerical damping, the damping matrix given in Eq. (3.8) 
may be negative leading to numerical instability (Krenk et al. 1999).  
In order to avoid the aforementioned numerical instability arising from the 
adoption of the standard Galerkin’s approach due to the negative numerical damping 
proportional to the convection velocity, Petrov-Galerkin variation, where a skew-
symmetric term is applied to the weighting function, may be used (Zienkiewicz and 
Taylor 1991). Alternatively, Taylor-Galerkin approach may be used, where the 
standard Galerkin’s formulation is adopted with an upwind weighting term whereby 
the effect of convection is introduced via additional terms in the damping matrix 
(Krenk et al. 1999). In this study, the Taylor-Galerkin approach will be adopted in 
case of necessity in view of both the simplicity of its implementation as well as its 
effectiveness of avoiding the numerical instability (see Appendix I). 
By assembling the element matrices, the equations of motion for the track-










where  is the displacement vector of the lower structure of the train-track system, 
i.e. the track-foundation system; ,  and are the mass, damping and stiffness 
matrices of the track-foundation model, respectively; and  the vector of external 
forces exerted on the track-foundation model. 
In order to investigate the dynamic behavior of the whole coupled train-track 
system, the response of the upper structure of the system needs to be accounted for. 
The two parts of the train-track system are connected to each other via the wheel-rail 
contact forces. Note that appropriate approaches such as Newton-Raphson’s method 
shall be employed if the nonlinear Hertz contact model is adopted (see, for example, 
Appendix II). By assembling the two parts of the train-track system, the global 





















































































   Or for short: 
 (3.13) 
where  is the global displacement vector of the train-track system; ,  and 
are the mass, damping and stiffness matrices of the system, respectively; and  the 



















3.3  Energy Absorbing Layers 
Similar to the finite element method, the use of the moving element method in the 
study of HSR systems employs a finite domain, called a truncated track, which is then 
discretized using finite elements. It is obvious that error is introduced as a result of 
modeling an infinite domain with a finite one. The error results from the application 
of artificial support conditions at the boundaries of the finite domain, which will lead 
to erroneous reflection of outgoing waves meeting the boundaries. To reduce the error, 
it is necessary to employ a truncated track that is large enough. This is not the most 
appropriate solution in view of the increased computational costs.  
Various techniques have been employed in the literature to minimize the error 
resulting from the use of a finite domain. One widely used technique involves the use 
of transmitting boundary conditions to absorb the outgoing energy at the artificial 
boundaries. The historical development as well as characteristics of different types of 
transmitting boundary conditions for horizontally homogeneous foundation has been 
well reviewed by Andersen et al. (2007). Basically, the technique requires one to tune 
the properties of the dampers placed at the boundaries such that they are optimal in 
absorbing the incident waves. However, this technique may not be suitable where 
there are multiple types of incident waves that can occur when the foundation is not 
uniform as it would be difficult to find a common tuned damper that is efficient for all 
the incident waves. This technique is thus not employed in the current study. Instead, 
energy absorbing layers with viscous damping, introduced by Nguyen and Duhamel 









The energy absorbing layer technique involves extending the truncated track with 
a finite layer at each of its two ends as shown in Fig. 3.3 (a). In this finite layer, 
artificial energy absorbing dampers of increasing property are introduced. The 
variation of the damping property within the layer (see Fig. 3.3 (b)) in moving 
coordinate system is assumed to be given by 
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where l0 denotes the half-length of the truncated track, dm  the ratio of the maximum 
to minimum damping property within the energy absorbing layer, and λ the length of 
the absorbing layer. It should be noted that dm  and λ shall be chosen properly so that 
there is negligible reflection of waves caused by the variation of damping within the 
layer whilst at the same time, there is effective attenuation of the outgoing waves 
within the absorbing layer. For cases without the consideration of physical damping, 
the damping property within the energy absorbing layer may be assumed to be 














Figure 3.3 Energy absorbing layer: (a) model configuration; (b) damping property 
 
3.4  Comparison of Results 
In an attempt to test the accuracy of the MEM on solving problems involving 
track transitions, the dynamic response of a perfectly smooth railway beam resting 
over a uniform Winkler foundation and subject to a moving concentrated load is 
determined and compared against the results generated using the analytical formulas 
by Kenney (1954). In view that there is no external disturbance or excitation, such as 
railhead irregularity, it is reasonable to consider the steady-state response of the rail 
beam only. This can be easily done by using the quasi-static equation solver in MEM 
(Koh et al. 2007). In order to establish the required minimum length of the truncated 
track, a convergence study was carried out. From the study, it was found that a 
truncated track of length 25 m is sufficient to minimize the erroneous effects from the 
artificial boundaries resulting from the use of a finite domain. Newmark’s constant 
acceleration method (Bathe 1996) is applied to solve the governing equations given in 









tenth the natural period of the rail beam. According to Dimitrovová and Varandas 
(2009), the foundation stiffness typically ranges from 5×105 to 1×108 N/m2. For such 
a range of stiffness, the critical wave velocity in the foundation exceeds 869 km/h, 
according to the formula by Kenney (1954). This minimum critical speed is much 
higher than the maximum operational speed of conventional high-speed trains. In 
view of this, the use of transmitting boundary conditions is not essential provided that 
the property of physical damping is enough (Nguyen and Duhamel 2008). The other 
parameters adopted in the MEM model are listed in Table 3.1. Unless noted otherwise, 
all the data assumed here will be used throughout this chapter.  
 
Table 3.1      Parameters of track-foundation model (railway beam UIC 60) 
Parameter Value Parameter Value 
 60 kg/m E 2×1011 N/m2 
I  3.055×10-5 m4 P 3×104 N 
k 1×107 N/m2 c 4900 Ns/m2 
 
Figure 3.4 shows the results of a convergence and accuracy study in which the 
MEM element sizes range from a coarse size of 1 m to a more refined size of 0.1 m. 
Note that the coarsest element size is smaller than ¼ of the shortest wavelength of the 
propagating waves, which is considered to be the maximum element size to obtain 
satisfactory results according to the recommendation by Andersen et al. (2001). The 
figure shows the deflection curve of the railway beam in the vicinity of the moving 
load traveling at a conventional HSR speed of 70 m/s (252 km/h). Also shown in the 










can be seen from Fig. 3.4, the MEM results match well with the analytical results 
even when the element size is as coarse as 1 m. 
Table 3.2 presents the maximum deflection of the railway track under of a 
uniform moving load obtained using the MEM with a moderate element size of 0.5 m 
and analytical solution by Kenney (1954). The speeds of moving loads considered in 
this study range from a low speed representing normal operational speed of urban 
underground trains to the one of the maximum operational speed of high-speed trains 














Table 3.2      Maximum deflection of the track (absolute value) 
Speed (m/s) MEM (mm) Analytical method (mm) Difference (%) 
20 1.2000 1.2006 0.0500 
50 1.2047 1.2053 0.0498 
70 1.2102 1.2108 0.0496 
90 1.2176 1.2183 0.0575 
 
As complicated cases are difficult to be solved analytically, the FEM is often 
resorted to solve such problems. The method is however not ideal in solving moving 
load problem due to the difficulty encountered with a fixed domain. For the purpose 
of demonstrating the efficiency and accuracy of the MEM, the case of a moving load 
over a track is investigated using both the FEM and MEM. In the FEM model, a 
sufficiently long segment of the railway beam is discretized, as shown in Fig. 3.5. The 
segment may be considered to comprise of three sub-segments, namely a central 
portion and two end portions. The moving load is taken to travel across the central 
portion at a constant velocity of 20 m/s (72 km/h). In view that in FEM there is no 
direct solution to the steady-state response of the rail beam under moving load, it is 
convenient to assume that the moving load is suddenly applied at the initial time step. 
The length of the central portion is thus taken to be 30 m, which is deemed large 
enough to damp out the transient response induced by the sudden application of the 
moving load. The two end portions of sufficient lengths are required in the FE model 
in order to mitigate the artificial boundary effects due to the load moving in the 
vicinity of the boundaries. Taking advantage of the convergence study carried out for 










Figure 3.5 Sketch of FEM model 
 
The displacement history of the track at the contact point is shown in Fig. 3.6. As 
can be seen in the figure, the results obtained using the FEM is not as accurate as the 
one obtained using the MEM, for the case when both models employ the same 
element size. The spurious error suffered by the FEM is essentially due to the fact that 
the moving load travels across the finite track elements. Under such a circumstance, 
the moving load is more frequently located at an intermediate point within a track 
element other than the nodal point. As is well known, the displacement in a finite 
element analysis is most accurate at the nodal points, while it is less accurate within 
the element for the case when the load is located within an element. Equivalent nodal 
loads are obtained when the moving load is located within an element. Although the 
equivalent nodal forces are work equivalent to the load acting within an element, the 
exact shear force distribution in the vicinity of the moving load cannot be captured 
accurately using the adopted cubic shape functions. Note that the error is minimized 
when the load is located at the node and maximized when it is at the mid-span of the 
element. For this reason, the error in the displacement of the track under the moving 









To reduce this error, it is necessary to adopt a smaller spatial discretization size 
so that the moving load is located mostly near to the nodes of elements as the load 
travels across the domain. As can be seen in Fig. 3.6 for the case when a finer mesh is 
adopted for the FEM model, the result matches well the one obtained by the MEM 
model. Note that the domain size required for FEM is generally no smaller than that 
for MEM. A larger domain size with a more refined mesh means greater 
computational efforts. Not surprisingly, the computational time required for the 
refined FEM model takes much longer time than that needed for the MEM model as 
shown in Table 3.3, which lists the computational cost by using the MEM and the 
FEM. It may therefore be concluded that the MEM is more efficient compared with 
the FEM for the study of moving load problems. Note that the CPU time listed in 
Table 3.3 is reported by Matlab running on a PC with Intel Core i7-2600 and 16GB 
memory of DDR3 type. Unless otherwise noted, all CPU time listed in this thesis is 
obtained based on the same aforementioned specifications. 
 
 









Table 3.3      Computational cost by MEM and FEM 
Solution Element size (m) CPU time (s) 








3.5  Concluding Remarks 
In this chapter, the computational method for analyzing the response of HSR 
system is introduced. This includes the moving element method for modeling the 
track-foundation and the energy absorbing layer for transmitting the incident waves at 
the boundaries of the truncated track. As an illustrative example demonstrating the 
effectiveness of the aforementioned computational method, a numerical study is 
carried out to investigate the response of an Euler beam resting on a viscoelastic 
foundation subject to a moving load. Results obtained using the MEM are compared 
against available analytical solution in the literature and those obtained using the 
standard FEM. Through the comparison of the results, MEM has proven itself as an 
elegant numerical approach, in both accuracy and efficiency, for solving problems 












Continuously Supported HSR 
4.1  Introduction 
In the previous chapter, the computational method for the dynamic analysis of 
HSR systems is presented. One key component involves the application of the moving 
element method for modeling the track-foundation subject to moving wheel contact 
forces. Results presented in the previous chapter has shown that the MEM is effective 
and efficient in dealing with the case of Euler beams resting on uniform Winkler 
foundations subject to a constant moving load. However, the moving load model is 
obviously an over-simplified representation of a moving train. To capture the inertia 
effect of the moving train mass, a more sophisticated train model such as the moving 
sprung mass model or the extended moving sprung mass model presented in Chapter 
2 needs to be employed. It should also be noted that in real train-track systems, the 
properties of the foundation are often not uniform. Furthermore, the track railhead is 
often corrugated and this will cause additional dynamic loading on the HSR system. 
Thus, it would be important to investigate the dynamic response of HSR system under 
various realistic conditions.  
This chapter is concerned with a computational study on the dynamic response of 
continuously supported HSR using the MEM. This type of HSR system is commonly 
seen worldwide where the track is continuously supported by the foundation. It should 
be noted, however, there does exist other types of HSR systems where, for example, 









rail pads. The dynamic behavior of such discretely supported HSR will be later 
investigated and discussed in Chapter 5. Note that in both Chapters 4 and 5, only HSR 
systems with straight track alignment will be discussed. The response of curved HSR 
systems will be studied in Chapters 6 and 7.  
The effects of various parameters on the dynamic response of continuously 
supported HSR system will be investigated. These include the effect of the degree of 
abrupt foundation stiffness change such as encountered at a so-called transition region, 
the degree of track irregularity and train speed. Different train models, ranging from 
the simplest moving load model to the more complicated and realistic moving sprung 
mass model, are employed to investigate the response of the coupled system.  
 
4.2  Literature Review 
As already stated, the properties of the foundation are often not uniform in real 
train-track systems. One common scenario in which the foundation is non-uniform 
occurs at transition regions where there is an abrupt change in the stiffness of the 
foundation. They are often located at the entrance and exit points of a train tunnel or a 
bridge. Figure 4.1 shows a schematic drawing to illustrate a transition region in the 
vicinity of the abutment support of a bridge resting on a soil foundation. Such 
transition regions pose a structural and safety concern which is heightened because of 
an increased risk of various phenomena such as pumping ballast, swing sleepers and 
permanent rail deformation occurring at these locations (Lei and Mao 2004), which is 
becoming more serious due to the rapid increase in the speed of trains. The 









catastrophic consequences. As a result, tracks and the foundation in the vicinity of 
transition regions warrant a higher frequency of maintenance work to be carried out to 
ensure the safe operation of the high-speed rail. Thus, it is important to investigate the 
dynamic effects of high-speed trains moving in transition regions; in particular it is 
useful to predict the response of train-track system for various magnitudes of velocity 
of the moving train. 
 
 
Figure 4.1 Transition region in vicinity of a bridge abutment 
 
The effect of stiffness transition on the response of the system has been 
investigated by various researchers. Stiffness transition is determined by the degree of 
change in the vertical stiffness of foundation, simply called the transition stiffness 
ratio n, and is defined to be ratio of the foundation’s stiffness after and before the 
transition. The ratio can vary from 1 to as high as 20 based on values reported in the 
literature for trains traveling in the direction from soft to stiff foundation stiffness. For 
example, Metrikine et al. (1998) adopted a value of n as high as 7.29 in a study on the 









string resting on an inhomogeneous elastic foundation by taking advantage of the 
Fourier transform method (FTM). Lei and Mao (2004) analyzed the response of a 
high-speed train traveling across a transition region using the finite element method 
(FEM). In an attempt to study the effect of uneven settlements at track transitions, a 
value of n = 10 and another at an extreme high value of 100 were considered. Later on, 
Lei (2006) developed an analytical deformation formula of a continuous beam resting 
over an elastic foundation with abrupt change in stiffness subject to moving loads. A 
range of n from 1 to 20 was considered in that study. Dimitrovová and Varandas 
(2009) studied the effect of a load traveling at the critical velocity on the wave 
radiation in a beam induced by a sudden change in foundation stiffness using the 
mode superposition method. A maximum value of n = 8 was considered. 
Subsequently, Dimitrovová (2010) gave a general analytical procedure for the 
dynamic analysis of finite and infinite beams resting on homogeneous or 
inhomogeneous foundation subject to moving loads. 
In all the aforementioned research works, the surface of the railhead was assumed 
to be perfectly smooth; however this is strictly never the case in real train-track 
systems. It is therefore necessary to account for the effect of railhead imperfections on 
the dynamic behavior of HSR systems. Thus in this chapter, the imperfections of the 
railhead surface together with the degrees of change in foundation’s stiffness, are 
taken into account to investigate the response of the high-speed train-track system. In 
view of the high speed of train traveling over the track, there is heightened concern 
over the possible occurrence of the so-called ‘jumping wheel’ phenomenon, which 









and rail. In order to account for the occurrence of this phenomenon, it is necessary to 
employ an appropriate wheel-rail contact model in the computational study. 
The aforementioned methods also have their respective drawbacks. Although 
analytical method is elegant, they may be limited in practical applications involving 
complex high-speed rail systems. The FEM is a well-known powerful numerical 
approach that has been widely adopted for modeling a fixed domain. However, in 
moving load problem, standard FEM suffers from the difficulty encountered due to 
the moving load eventually reaching the boundary of the finite domain, rendering the 
artificial boundary conditions invalid, unless a significantly large domain is adopted. 
The method is thus computationally inefficient for the analysis of moving load 
problem. 
As mentioned earlier, the moving element method (MEM) is capable of 
overcoming the aforementioned problem due to the moving load traveling over a 
finite domain. In the previous chapter, the MEM has shown itself to be an elegant 
method for solving problems involving moving loads. To the author’s knowledge, 
however, the method has so far been limited to applications involving homogeneous 
foundation. It is therefore necessary to make modifications in order to extend the 
usage of MEM to deal with problems involving inhomogeneous foundation, in 
particular, the study of high-speed rail systems involving track transitions. 
 
4.3  Problem Definition 
In the treatment of the problem involving a railway track transition, it is assumed 









junction where the two foundations meet is termed as the transition point (x = ) as 
can be seen in Figure 4.2 which shows a schematic drawing of a rail resting on a 
Winkler foundation experiencing an abrupt change in foundation property. The 
stiffness and damping properties of the foundation can be expressed as 
 (4.1a) 
 (4.1b) 
where k1, k2  and c1, c2  denote the stiffnesses and damping coefficients of the 




Figure 4.2 Rail beam at transition region 
 
4.4  Proposed Computational Technique 
In a typical MEM approach, a moving spatial coordinate system, r-axis, is 
employed. The variations of the vertical stiffness and damping of the foundation 
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Unlike the case where the foundation is uniform or varies smoothly, problems 
involving transition regions require the computation to be carried out considering 
three phases.  This is necessary in view of the adoption of the convected coordinate 
system in the moving element modeling of the track. The truncated track would 
therefore be traveling relative to the foundation. The three phases are illustrated in Fig. 
4.2. As the truncated track travels towards the transition point, phase 1 describes the 
situation in which the track is still totally within the first foundation. Phase 2 refers to 
the situation in which the track has partially travelled past the transition point and thus 
part of the track rests over both foundations. When the track has totally travelled past 
the transition point, phase 3 describes the situation in which the track is now resting 
totally over the second foundation. The three phases may be expressed 
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Phases 1 and 3 present no special difficulty as the truncated track is resting over a 
uniform foundation. Of course, the properties of the foundation need to be updated to 
those of the corresponding foundation in each phase. However in phase 2, it is 
necessary to account for the event that one of the track elements may be supported by 
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two different foundations as can be seen in Fig. 4.3. The properties of the affected 




















NNNNNNC  (4.4b) 
where r1 denote the location of the transition point within the affected element. In 
view of the varying element properties, it is thus necessary to update the stiffness and 
damping matrices of the truncated track at every time step during phase 2. 
 
 
Figure 4.3 Transition point located at intermediate position of a track element 
 
4.5  Case Study 
In this section, the results of three numerical case studies are presented. These 
cases correspond to the level of sophistication in modeling the train. Case 1 considers 
a moving load, which as previously stated, is an over-simplification of the train. This 


















































MEM procedure. In this case, the response of the railway track resting over a 
transition region and subject to a single moving load is analyzed using the MEM and 
compared against results obtained using the FEM as well as available analytical 
solutions in the literature. The accuracy and efficiency of the MEM in solving the 
moving load problems involving a railway track transition are then discussed.  
In Case 2, the dynamic behavior of a continuously supported HSR resting over a 
transition region is simulated using the moving sprung mass model to represent the 
train. As a special case, the response of a train traveling along a railway track that is 
resting on a uniform foundation is studied. Two wheel-rail contact models are adopted. 
One is a relatively computationally inexpensive bi-linear contact model. The other is a 
more complex and computationally more expensive nonlinear contact model but tends 
to give more accurate results when the dynamic response is expected to be high. The 
study aims to investigate the suitability of the two contact models and recommend 
when the simple model can or cannot be used.  
In Case 3, a more sophisticated train model is adopted in which the extended 
moving sprung mass model represents the train. Parametric study is carried out to 
investigate the dynamic motion of the HSR system, in particular, the comfort level of 
passengers. 
 
4.5.1  Comparison of Results 
In an attempt to test the accuracy of the proposed MEM for solving problems 









resting over a transition region subject to a moving concentrated load is determined 
and compared against available analytical results in the literature.  
To simulate the condition of a moving load traveling from a distant location 
towards the transition point, the steady-state response of the railway track in phase 1 
is first obtained and used as the initial response. Based on a convergence study, a 
truncated segment of railway track with a length of 35 m is found to be large enough 
to minimize the erroneous effects from the artificial boundaries resulting from the use 
of a finite domain to model the semi-infinite moving load problem. Newmark’s 
constant acceleration method is applied to solve the equations using a time-step of 
0.0005 s. The other parameters adopted in the MEM model are listed in Table 4.1. 
Unless noted otherwise, all the data assumed here will be used throughout this chapter. 
 
 
Table 4.1      Parameters of track-foundation model at track transition 
Parameter Value Parameter Value 
 60 kg/m
 E 2×1011 N/m2 
I  3.055×10-5 m4 P 3×104 N 
k1 1×10
7 N/m2 k2 n×10
7 N/m2 
c1 4900 Ns/m
2 c2 ×4900 Ns/m2 
 
Figure 4.4 shows the results of a mesh size convergence and accuracy study in 
which the proposed MEM procedure for treating transition point is employed to solve 
the moving load problem.  Element sizes ranging from a coarse 1 m value to a more 











the maximum element size to obtain satisfactory results according to the 
recommendation by Andersen et al. (2001). The figure shows the deflection curve of 
the railway track in the vicinity of the transition point (x = ) for the case when the 
velocity of the moving load is 70 m/s (252 km/h) at the instant when the moving load 
arrives at the transition point and the stiffness ratio of the second uniform foundation 
to the first uniform foundation is four. Note that the direction of travel of the moving 
load is from the first foundation to the second. Also shown in the figure are the 
analytical results generated using the formulas presented by Lei (2006). As can be 
seen from Fig. 4.6, the MEM results are agreeable with each other as well as with the 
analytical results. However, it should be noted that it is necessary to use a refined 
mesh in order to capture accurately the maximum displacement of the track, which 
occurs at a short distance before the contact point.  
 
 










Table 4.2 presents the maximum deflection of the railway track at the instant 
when the moving load arrives at the transition point obtained using MEM with refined 
mesh (L = 0.1 m) and the analytical formula by Lei (2006) for various combinations 
of train speed and stiffness ratio.  As can be seen, good agreement is found for all 
combinations. 
 










20 2 0.9094 0.9154 0.6555% 
4 0.6867 0.6848 0.2775% 
8 0.5060 0.5042 0.3570% 
50 2 0.9225 0.9185 0.4355% 
4 0.6913 0.6869 0.6406% 
8 0.5092 0.5056 0.7120% 
70 2 0.9278 0.9222 0.6072% 
4 0.6951 0.6893 0.8414% 
8 0.5115 0.5072 0.8478% 
 
For the purpose of demonstrating the efficiency and accuracy of the MEM, the 
case of a rail beam resting over a track transition region is next investigated using 
both the FEM and MEM. In the FEM model, a sufficiently long segment of the 
railway beam is discretized. The segment comprises of three sub-segments, namely a 









applied at the start of the central portion. As the moving load travels at a constant 
velocity of 70 m/s (252 km/h) across the central portion, the transient response 
eventually damps out. Thus, in order to capture the steady-state response only as the 
moving load approaches the transition region, it is necessary to use a sufficiently long 
middle segment. The length of the central portion is thus taken to be 60 m, where the 
transition point is assumed to be located at the midpoint of this central portion. The 
two end portions of sufficient lengths are required in the FEM model in order to 
mitigate the artificial boundary effects due to the load moving in the vicinity of the 
boundaries. Taking advantage of the convergence study carried out for the MEM 
model, the lengths of the end portions are both taken equal to 17.5 m.  
 
 










The displacement profiles of the track at the contact point are shown in Fig. 4.5. 
As can be seen in the figure, the results obtained using the FEM is not as accurate as 
the one obtained using the MEM for the case when both models employ the same 
element size. When a finer mesh is adopted for the FEM model, the result matches 
well the one obtained by the MEM model. Not surprisingly, the computational time 
required for the refined FEM model is longer than that needed for the MEM model as 
shown in Table 4.3.  
 
Table 4.3      Computational cost by MEM and FEM 
Solution Element size (m) CPU time (s) 
MEM 0.5 669 
FEM 0.1 1233 
 
 
   Note that in the aforementioned case, the maximum speed of moving load is far 
below the critical speed of the system. Thus, wave radiation occurring as a result of 
the moving load traveling across the transition point is hardly noticeable. The use of 
energy absorbing layers to mitigate the erroneous reflection of waves at the 
boundaries is also not essential as the propagating waves are expected to attenuate 
rapidly within the domain before they arrive at the boundaries. To further test the 
capability of the proposed procedure of solving transition problems for the case where 
wave radiation due to the transition point is more significant, the problem investigated 
by Dimitrovová (2010) is analyzed, in which the moving load travels at 180 m/s. Note 
that this speed is close to the critical speed of 190 m/s determined using the formula 









physical damping is considered, numerical instability faced by adopting standard 
Galerkin’s approach arises due to the negative damping value calculated according to 
Eq. (3.8). The modified Taylor-Galerkin’s approach adopted by Krenk et al. (1999) is 
therefore employed in order to overcome the aforementioned instability problem (see 
Appendix I). Figure 4.6 compares the displacement time history under the moving 
load obtained by the present study and by Dimitrovová (2010). Figures 4.7 – 4.9 
compares the deflection profiles of the rail when the moving load is located at 50 m, 1 
m before and 6 m after the transition point, respectively. As can be seen in all these 
comparisons, both sets of results are virtually identical. The proposed procedure is 
thus shown to be effective in solving track-transition problems involving loads 
traveling at very high speeds. 
 
Table 4.4      Parameters for the third comparison 
Parameter Value Parameter Value 
 119.87 kg/m
 E 2.1×1011 N/m2 
I  6.11×10-5 m4 P 166.8×103 N 
k1 427×10
3 N m-2 k2 854×10
3 N m-2 












Figure 4.6 Displacement under moving load (V = 180 m/s) 
 










Figure 4.8 Deflection of the railway beam (load position at -1 m) 
 










4.5.2  Dynamic Response of HSR over Track Transition 
In order to capture the inertia effect of the moving train mass, which is not 
accounted for in the moving load model, the dynamics of the train-track system is 
next investigated using the moving sprung mass model to represent the train. The 
more sophisticated and complex extended moving sprung mass model will then be 
used to further examine the dynamic behavior of the system. As a special case, the 
response of a high-speed train traveling over a uniform foundation is first investigated. 
The suitability and accuracy of the contact models, namely the nonlinear and bi-linear 
Hertz models, in accounting for the wheel-rail interaction will be examined. 
Parametric studies are carried out to investigate the effects of track transitions, 
severity of railhead roughness and train speeds on the dynamic behavior of the HSR 
systems, in particular, the inducement of the occurrence of the jumping wheel 
phenomenon.  
In the first case study, the problem of a high-speed train, modeled as a simple 
moving sprung mass system, traveling at constant speed over a uniform foundation is 
considered. The parameters for the track-foundation model are shown in Table 4.1. In 
the MEM model, the lengths of the truncated track and energy absorbing layers are 
taken to be 100 m and 60 m, respectively. The parameters of the train model are the 
same as those recommended by Koh et al. (2003) based on the technical data of a real 
train. These parameters are listed in Table 4.5. Newton-Raphson’s method (see 
Appendix II) is applied to solve the contact equation of the wheel and rail. The 
contact parameters adopted are: radius of wheel, Rwheel = 460 mm; radius of railhead, 









severity of track irregularity depends on both the wavelength and amplitude of 
railhead roughness. The track irregularity profile adopted in this study has a moderate 
wavelength of 1 m to simulate track corrugation defects and weld imperfections. 
Three typical track irregularities of this wavelength and amplitudes listed in Table 4.6 
are used to investigate its effect on the occurrence of the jumping wheel phenomenon. 
The amplitudes of the track irregularities are chosen to reflect track conditions that are 
rated as ‘near smooth’, moderate and severe. 
 
Table 4.5      Parameters for the simple moving sprung mass model 
Parameter Value Parameter Value 
m1 3500 kg






6 N/m cs 8.87×10
3 Ns/m 
cp 7.10×10




Table 4.6      Track irregularities (uniform foundation) 
Severity Amplitude (mm) 




Results obtained from the MEM analysis are presented in Table 4.7, which shows 
the occurrence or non-occurrence of the jumping wheel phenomenon for various 
speeds of train and severity of track irregularity. A zero value implies that no jumping 









and is sustained throughout the journey. It is found that track irregularity and speed of 
train are two key factors affecting the occurrence of the jumping wheel phenomenon. 
Jumping wheel is noted to easily occur when the track irregularity is considered 
severe. For less severe condition, there is also a good possibility for the occurrence of 
the phenomenon when the speed of train is high. As to be expected, when the track is 
nearly smooth, jumping wheel is unlikely to occur even at very high train speed.  
 
Table 4.7      Occurrence of jumping wheel phenomenon (uniform foundation) 
     Speed                    
Severity 
50 m/s 70 m/s 90 m/s 
Near smooth 0 0 0 
Moderate 0 0 S 
Severe S S S 
 
Figures 4.10, 4.11 and 4.12 show the displacement profiles of the rail at the 
contact point for near smooth, moderate and severe track irregularities, respectively, 
when the speed of train is 90 m/s (324 km/h). In the figures, a non-dimensional 






  (4.5) 
is introduced, in which Nt denotes the number of cycles of the track irregularity the 









As can be seen from Fig. 4.10, results obtained using the nonlinear and bi-linear 
Hertz contact models are found to be comparable with each other when the dynamic 
vibration is low as there is no occurrence of jumping wheel phenomenon. As the 
degree of the vibration of the HSR system increases to moderate such that there is a 
pending occurrence of the jumping wheel phenomenon when track irregularity 
amplitude is 1.8 mm, there is virtually no difference in predicting the displacement 
profile of the rail under the wheel between the two contact models, as shown in Figs. 
4.11. Figure 4.12 shows the contact force distribution when track irregularity is 1.8 
mm. As can be seen in this figure, the results generated using the two contact models 
are virtually the same, although there is a slightly noticeable difference in view that 
the jumping wheel phenomenon is correctly predicted by the nonlinear Hertz contact 
model, while the bi-linear model failed to do so. As the track irregularity further 
increases to be severe, however, as can be seen from Fig. 4.13, the difference between 
the results generated using the two contact models is large when the dynamic 
vibration is high such that there is a sustained jumping wheel phenomenon during the 
journey. This implies that the bi-linear contact model is not suitable for modeling the 
wheel-rail contact mechanism when the degree of dynamic response of the HSR 
system is considered to be large. It may therefore be concluded that when the dynamic 
response of the HSR system is not expected to be high, the computational inexpensive 
bi-linear contact model is able to model the wheel-rail contact mechanism with 
sufficient degree of accuracy. However, the nonlinear Hertz contact model should be 
adopted to model correctly the behavior of the wheel-rail interaction when both the 



























Figure 4.12 Contact force distribution (moderate track irregularity) 
 
 










The effect of track transition on the dynamic response of HSR system is next 
investigated. The parameter measuring the ‘magnitude’ of the transition effect is 
described by the ratio of the foundation stiffness after and before the transition point. 
A computational study to investigate the combined effects of track irregularity and 
foundation stiffness ratio on the dynamic behavior of HSR system is carried out. The 
train is assumed to be traveling at a constant velocity of 90 m/s. Table 4.8 shows the 
parameters of the track irregularities adopted in this study. A same track irregularity 
of wavelength of 1 m is considered for all cases. Note that ‘Irregularity 1’ pertains to 
that of a near smooth track. The degree of track irregularity increases from 
‘Irregularity 1’ to ‘Irregularity 4’. All these track conditions may be considered to be 
not as severe than a moderately corrugated track. For such track irregularity 
conditions and same properties of track and foundation listed in Table 4.5, no jumping 
wheel phenomenon is expected to occur when the foundation is uniform (n = 1). The 
aim of this investigation is therefore to determine what degree of track transition will 
induce the occurrence of the jumping wheel phenomenon. 
 
Table 4.8      Track irregularities (track transition) 
Track irregularity Amplitude (mm) 
Irregularity 1 0.05 
Irregularity 2 0.10 
Irregularity 3 0.30 










Table 4.9 presents the results showing the occurrence or non-occurrence of the 
jumping wheel phenomenon for various track irregularity conditions and foundation 
stiffness ratios, n. The numerical value listed in the table denotes the number of times 
the wheel jumps in the vicinity of the transition point. No jumping wheel phenomenon 
is found to occur for the near smooth track for all values of n considered. There is also 
no occurrence for all track conditions considered when the degree of track transition 
is not large (n < 4). However, jumping wheel is found to occur occasionally for 
certain combinations of track condition and degree of track transition. Also, when the 
degrees of track transition or track irregularity increase, the jumping wheel 
phenomenon is observed to occur and sustained after the train passes the transition 
point. 
 
Table 4.9      Occurrence of jumping wheel phenomenon (track transition) 
   n                           
Irregularity 
1 2 4 8 16 
Irregularity 1 0 0 0 0 0 
Irregularity 2 0 0 0 2 S 
Irregularity 3 0 0 0 S S 
Irregularity 4 0 0 1 S S 
 
Figure 4.14 shows the dynamic amplification factor (DAF) in the contact force in 
the vicinity of the transition point. The DAF is computed by taking the ratio of the 
maximum dynamic contact force to the combined self-weights of car body, bogie and 









increasing the maximum contact force. It is also observed that the effect of stiffness 
ratio within the range of 8 to 16 tends to have smaller effect on the increase in DAF 
when compared with that within the range of 4 to 8, which implies that the stiffness 
ratio smaller than 8 tends to have more impact on the responses of the HSR system. 
Figures 4.15 and 4.16 present the contact force distributions along the railhead in the 
vicinity of the transition point for various track conditions with n = 4 and various 
foundation stiffness ratios for track ‘Irregularity 2’, respectively. As can be seen from 
these figures, the maximum contact force occurs after the wheel passes the transition 
point. It is also observed from Figure 4.15 that when n = 4, the contact force attains a 
zero value momentarily at a location about 2.1 m after passing the transition point 
indicating that the wheel jumps once at this location. For a large stiffness ratio of 8 or 
16, the jumping wheel phenomenon is found to occur after the wheel passes the 
transition point and is observed to be sustained as the train travels over the second 
foundation, resulting in a sharp increase in the DAF in contact force as shown in 
Figure 4.14. It can be seen from Figure 4.16 that the phenomenon occurred twice due 
to the existence of a track transition of stiffness ratio 8. For a larger stiffness ratio of 












Figure 4.14 Effect of stiffness ratio and track irregularity on DAF 
 
 











Figure 4.16 Effect of foundation stiffness ratio on contact force 
 
As the dynamics of the train-track system depends largely on the severity of the 
track irregularity, it is expected that larger irregularity amplitude and/or shorter 
irregularity wavelength would lead to larger vibrations. Therefore, it is interesting and 
worthwhile to study the response of the system with various track irregularities 
considering identical ratios of irregularity amplitude to wavelength. Figure 4.17 
shows the effect of stiffness ratio and wavelength of track irregularity on the DAF in 
wheel-rail contact force for train speed of 70 m/s. All the track irregularities adopted 
in this study have the same ratio of amplitude to wavelength (at/λt) of 10-4. As can be 
seen from the figure, the DAF is found to be nearly 1.0 when the wavelength is small 
at 0.5 m for all cases of stiffness ratio n. As the wavelength increases, the DAF is 
noted to initially increase to a peak before decreasing for all cases of n. Also, it may 
be stated that the DAF is affected significantly by the magnitude of the stiffness ratio, 









nearly 1.0 for all cases of n when the wavelength increases beyond a certain critical 
value.  
The peak values shown in Fig. 4.17 may be explained as due to the effect of 
resonance. In view that the DAF in contact force is smaller than 2 for all cases shown 
in the figure, there is therefore no occurrence of the jumping wheel phenomenon. A 
linearized Hertz contact model, in which spring properties are computed according to 
the static wheel load condition (Esveld 2001), is thus accurate enough to account for 
the contact interaction between wheel and track. Based on such a contact model, the 




  (4.6a) 
where nω  is the vector of frequencies obtained from the following equation 
  0det 2  MK nω  (4.6b) 
The exciting frequency induced by the track irregularity is given by V/λt, which is 
then compared to the natural frequencies of the linearized train model. It is noted that 
the frequencies of the excitation are appreciably different from the natural frequencies 
of the system except for the case when the irregularity wavelength is 2 m, in which it 
is observed that the frequency of the wheel-set is close to the exciting frequency. For 
the case when n = 1, it is thus not surprising why the DAF in contact force is close to 
1.0 for most values of irregularity wavelengths except in the vicinity of 2 m in which 










Figure 4.17 Effect of wavelength on DAF in contact force (V = 70 m/s) 
 
 
All the cases investigated previously are based on the assumption that the track 
transition point is located coincident with an initial zero point of the sinusoidal 
variation of track irregularity, i.e.  and . However, the transition 
point may be randomly located at any point in reality, i.e. the phase shift of track 
irregularity with respect to transition point may not be zero. It is therefore necessary 
to investigate whether a phase shift has any significant effect on the dynamic 
vibration of the system. For this purpose, two cases of track irregularities, namely at = 
0.1 mm, λt = 1 m and at = 0.3 mm, λt = 3 m, are considered. The first case represents 
an irregularity of a moderate wavelength where the effect of foundation’s stiffness 
change on the response of the system has been noticed to be significant. The second, 
on the contrary, represents a long wavelength track irregularity where it is found the 
effect of foundation’s stiffness change on the vibration of the system is negligible. 


















are considered, as shown in Fig. 4.18. Figure 4.19 shows the effect of phase shift on 
the DAF in contact force for the aforementioned two track irregularities for a train 
speed of 70 m/s. As can be seen from this figure, the effect of phase shift on the DAF 
is virtually negligible although there seems to be some noticeable effect for larger 
values of foundation stiffness ratios.  
The effect of traveling direction of the train at transition regions on the dynamic 
vibration of the system is next investigated. The aforementioned two cases of track 
irregularities are considered. Figure 4.20 shows the DAF in contact force for various 
stiffness ratios n and track irregularities for a train speed of 70 m/s. Note that the 
stiffness of the soft foundation is chosen equal to 1×107 N/m2 for both cases of train 
traveling directions. As can be seen in this figure, it may be concluded that for any 
given condition of track transition and track irregularity, the traveling direction of 
train from a softer to stiffer foundation tends to produce higher dynamic vibration as 
compared to the opposite direction.  
 










Figure 4.19 Effect of phase shift of track irregularity on DAF in contact force 
 
 
Figure 4.20 Effect of traveling direction on DAF in contact force 
 
Though superior to the moving load model, the simple moving sprung mass 
model is actually a rather simplified representation of a train. To allow for a more 









suspension systems, an extended moving sprung mass model may be used. This 
model allows for the prediction of the dynamic motion of the car body, which 
determines the comfort level of passengers, an important consideration in the 
serviceability design of the train system. In this numerical case study, the train model 
adopts the parameters recommended by previous researchers (Koh et al. 2003). These 
parameters are listed in Table 4.10. The track irregularity profile adopted in this case 
has an amplitude of 3 mm and a long wavelength of 3 m to simulate rail rolling 
defects and uneven settlement of the rail in the transition region.  
 
Table 4.10      Parameters for the extended moving sprung mass model 
Parameter Value Parameter Value 
mc 14000 kg









6 N/m cs 1.77×10
4 Ns/m 
cp 7.10×10
3 Ns/m  
 
 
Results obtained revealed that the response, whether the maximum contact force 
or maximum vertical acceleration of the car body, is virtually unaffected by the 
magnitude of the stiffness ratio, n. This is similar with the observation noted in the 
previous cases where it was found that the influence of n on the response is negligible 
for track irregularities of large wavelengths. Figures 4.21 and 4.22 show the effect of 
train speed on the DAF in wheel-rail contact force and maximum acceleration of the 









considered in the study. It can be seen that the maximum wheel-rail contact force 
response increases gradually with train speed; however, when the speed of train 
reaches 80 m/s (288 km/h), the contact force increases abruptly as a result of the 
occurrence of the jumping wheel phenomenon. A similar but less abrupt increase is 
also noted in the maximum acceleration response. The less abrupt increase is to be 
expected in view of the mitigating effect of the suspension systems. At train speeds 
below an acute value in which there is no occurrence of the jumping wheel 
phenomenon, it is observed that there is a critical speed that causes the maximum 
acceleration of the car body to reach a peak value. In view of the recommended 
maximum value of 0.1 g for passengers’ comfort by Esveld (2001) in terms of the 
permissible vertical train body acceleration, the suspension systems adopted in this 
study therefore meet the serviceability requirement for passengers’ comfort.   
 
 










Figure 4.22 Maximum acceleration of car body 
 
4.6  Concluding Remarks 
This chapter is concerned with a computational study on the dynamic response of 
continuously supported HSR using the MEM. A computational procedure is proposed 
to extend the application of the MEM for dealing with problems in which the 
foundation properties change abruptly at so-called transition points. The effectiveness 
of the proposed scheme is tested against available analytical solutions and FEM. The 
scheme is then employed for the analysis of HSR system involving transition regions. 
As a special case, the response of a high-speed train traveling along a uniform 
foundation is investigated. Results obtained using the nonlinear and the bi-linear 
Hertz contact models are compared and discussed to examine the accuracy and 









transitions is also investigated. Parametric studies are carried out to investigate the 
effect of existence of track transitions, severity of railhead roughness and train speeds 
on the dynamic behavior of the system. In view of the high speed of train, the 
occurrence of the jumping wheel phenomenon as well as its patterns are examined 
and discussed. Finally, a study into the comfort level of passengers is also made by 
employing the extended moving sprung mass model to represent the train.  
In the validation study, the results obtained using the MEM with the proposed 
computational procedure to account for track transitions are found to compare well 
with available analytical solutions in the literature. Results obtained using the MEM 
are also compared with those by FEM, which shows that the proposed MEM 
procedure is more suited than the FEM for solving track transition problems in terms 
of both accuracy and efficiency.  
In the parametric study on the occurrence of the jumping wheel phenomenon, it 
was found that the speed of the traveling train and the severity of track irregularity are 
key factors affecting the occurrence of this phenomenon. The jumping wheel 
phenomenon generally does not occur when either the speed of the train is relatively 
low or the track surface nearly smooth. As to be expected, the dynamic response of 
the train-track system is found to be significantly higher when there is an occurrence 
of jumping wheel. This has important implication on the track maintenance program. 
It is critical that track maintenance is properly exercised and/or train operational speed 
be moderated to avoid any occurrence of the jumping wheel phenomenon, especially 
for old tracks where track corrugation is likely to be severe. Also, it is critical that the 









interaction, especially when there is strong possibility of the occurrence of the 
jumping wheel phenomenon. 
In the response study of the train-track system involving transition regions, it is 
found that railway track transitions have negligible effect on the wheel-rail contact 
forces when the railhead is near smooth; however, such transition regions may give 
rise to contact forces high enough to trigger the occurrence of the jumping wheel 
phenomenon for a severe enough track irregularity. As to be expected, the DAF in 
wheel-rail contact force is found to increase substantially when the jumping wheel 
phenomenon occurs. For a given ratio of amplitude to wavelength track irregularity, 
the DAF is noted to increase to a peak before decreasing as the wavelength increases. 
The DAF is also found to be affected significantly by the magnitude of the stiffness 
ratio, particularly for small wavelengths. The effect of phase shift of track irregularity 
with respect to the location of the transition point on the vibration of the system is 
found to be negligible. For any given condition of track transition and track 
irregularity, it is found that the direction of train travel from softer to stiffer 
foundation produces more severe vibration as compared to the opposite direction. 
Finally, the study on the comfort level of passengers, as measured by the magnitude 
of the acceleration of the car body, shows that the primary and secondary suspension 
systems are effective in keeping the acceleration within tolerance limit even when 
there is sustainable jump wheel phenomenon. 











Discretely Supported HSR 
5.1  Introduction 
In the previous chapter, the dynamic behavior of a continuously supported HSR 
is investigated using the MEM. In order to investigate the response of high-speed 
trains traveling across track transitions where there is an abrupt change in foundation 
stiffness, a computational scheme based on the MEM is proposed. Parametric study is 
carried out to investigate various parameters, including speed of train, stiffness ratio 
and severity of railhead roughness, on the dynamic behavior of the high-speed train-
track system.  
It should be noted, however, the computational study presented in previous 
chapters assumes that the rail beam is continuously supported by the foundation. This 
assumption is reasonable for embedded slab rails; however, apart from embedded rail 
pavement, there are also other types of rail pavement in which the rail is not 
continuously supported by the foundation. The discretely supported rail is another 
commonly used rail system, whereby the rail is supported by the foundation at 
discrete points spaced evenly along the rail. Due to the discrete supports, a periodical 
change in stiffness of the lower structure of the HSR will be experienced, which will 
lead to additional response of the railway system that may be quite different from the 
case in which the rail is continuously supported. This chapter is thus concerned with a 
computational study on the dynamic response of a discretely supported HSR. The 









A computational scheme to overcome the problem is thus proposed. The accuracy of 
the proposed scheme is investigated, following which, a parametric study is carried 
out to examine the effect of various parameters on the dynamic response of discretely 
supported HSR systems.  
 
5.2  Literature Review 
Some HSR systems currently in operation, such as the TGV (French high-speed 
rail system), employ ballasted rail pavement (see Fig. 5.1) in which the rail is 
supported to the foundation through uniformly spaced sleepers resting on ballasted 
subgrade. Also in some slab tracks (see Fig. 5.2), the rail is supported on a concrete 
slab through rail pads and fasteners that are uniformly spaced along the rail. In 
contrast to embedded rail systems in which the rail beam is continuously supported by 
the foundation, the rail beam of these examples of rail systems are supported by the 

















Figure 5.2 Slab track (BRACE contributors 2014) 
 
In order to investigate the response of the railway system involving discretely 
supported rail beam, Cai et al. (1988) offered an exact solution to the dynamic 
behavior of an infinite beam resting on periodically placed roller supports and subject 
to moving load. In their research work, the solution to a beam with a finite number of 
spans subject to a moving load is first obtained based on U-transformation and mode 
method. Then the solution is extended to a beam with an infinite number of spans by 
using a limiting process. To account for the effect of inertia of the wheel, Sheng et al. 
(2007) investigated the dynamic response of an infinite beam discretely supported by 
sleepers and subject to moving wheels by means of Fourier-series approach. The 
response of a perfectly smooth rail was studied, and then the effect of railhead 
roughness was taken into account to investigate the dynamic behavior of the system.  
Analytical methods are usually confined only to simplified problems. In the 
analysis of more complex configurations of train-track models, it is thus necessary to 
resort to approximate numerical methods. For example, the FEM is well known and 
has been employed to analyze train-track problems. For instance, Lei and Noda (2002) 
proposed a generalized beam element for the track structure for the analysis of train-
Rail beam 
Concrete slab 









track system. In each generalized beam element, each beam node was connected to a 
ballast mass through spring-damper system representing the effect of sleeper, and an 
additional degree-of-freedom for the lumped ballast mass was added to the 
corresponding beam node. To take into account the inertia effect of sleepers, Xu and 
Ding (2006) modeled the discrete-elastic foundation as a system consisting of three 
layers with sleeper and ballast included for the dynamic analysis of a moving train 
subject to cross wind. For the purpose of study the influence of high-level vibrations 
to track components, Ekevid and Wiberg (2002) proposed a technique named as 
scaled boundary finite element method (SBFEM) for the analysis of 3-D structure-
unbounded medium interaction. In their research work, isoparametric 3-D element 
was employed for modeling the discretely supported track-foundation system. 
Although FEM is a powerful tool in solving train-track problems, the method 
however suffers several disadvantages. One major disadvantage arises from the fact 
that a typical FE analysis of the train-track system employs a finite domain, which 
encounters difficulty when the moving load arising from the train speeding across the 
track eventually travels beyond the domain. Thus, a very large domain is required in 
the FE model in order to capture the dynamic response of the train-track system, 
which results in increased computational costs. The MEM overcomes the difficulty by 
employing a moving instead of a fixed frame-of-reference in the formulation of the 
element equations. The method has been found to be superior to the FEM in dealing 
with various kinds of problems involving moving loads (Andersen et al. 2001, Krenk 
et al. 1999, Koh et al. 2003, Koh et al. 2006, Koh et al. 2007). As presented in the 









analysis of continuously supported HSRs. The standard form of the method however 
experiences a complication for the analysis of HSR that is discretely supported. It is 
therefore necessary to develop and adopt suitable strategy to extend the application of 
the MEM to deal with problems involving discretely supported HSRs. 
 
5.3  Problem Definition 
As stated earlier, there are basically two types of discretely supported tracks, 
namely the ballasted track and the slab track. In view that most HSR pavement 
utilizes concrete slabs due to its higher geometric stability and reduced maintenance 
costs (Blanco-Lorenzo 2011), the discretely supported track is modeled as an Euler-
Bernoulli beam resting on a simplified single layer of discrete spring-damper systems. 
Figure 5.3 shows the idealized model in which the railway track is modeled as an 
Euler-Bernoulli beam supported by a number of equally spaced spring-damper units. 
The beam is subject to a moving load Fc of constant velocity V. The stiffness and 
damping properties of the foundation can be expressed as  
 (5.1a) 
 (5.1b) 
where m is an integer, ld denotes the spacing between two adjacent supports, and kd 
and cd denote the stiffness and damping of the discrete support, respectively, and are 
given by 
   
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where ks ,csdenote the properties of the sleeper and k,cthe equivalent properties of 
the continuous concrete slab and soil foundation. Note that the properties of the 
spring-damper units are obtained from the equivalent sum contributions of the 
properties of the discrete sleepers, the continuous concrete slab and soil foundation. 
 
 
Figure 5.3 Discretely supported rail beam 
 
 
5.4  Proposed Computational Technique 
In a typical analysis using MEM, a moving r-axis attached to the load is 
employed, as shown in Fig. 5.3. The relationship between the moving r-axis and the 
fixed x-axis has earlier been given in Eq. (3.1). In view of Eq. (3.1), Eqs. (5.1a) and 











Unlike the case where the railway track is continuously supported by the 
foundation, the MEM suffers two complications when applied to problems involving 
discretely supported HSRs. These complications arise because of the adoption of the 
convected coordinate system in the formulation of the element equations. It should be 
noted that in a convected coordinate system, the load appears to be static while the 
lower structure of railway system appears to be moving with the same speed of the 
load but in the opposite direction. As a result of this, the track element experiences a 
continuously changing material property as well as support from the foundation. Thus, 
the first complication arises because of the continuously changing boundary 
conditions experienced by the two elements at the ends of the truncated track. The 
second complication is related to the nature of the discrete supports. This requires 
constant updating of the damping and stiffness matrices of the rail beam in order to 
capture the motion of the supports. In order to overcome the two aforementioned 
complications, special techniques need to be implemented. The detailed procedure of 
the numerical techniques will be addressed in the following sections. 
 
5.4.1 Changing Boundary Conditions 
Figure 5.4 illustrates the motion of the supports at different time steps. As can be 
seen from this figure, the supporting condition at the ends of the truncated beam 
segment is varying in the time domain. As mentioned earlier, this causes difficulty in 
determining appropriate boundary conditions as the response of the beam at both ends 
   
dd
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may not be negligible, especially when the truncated length of the beam and/or 
damping property of the system is not enough to attenuate outgoing waves arising 
from the moving source. In order to overcome the complication, energy absorbing 
layers (EALs) are added over two segments at the ends of the truncated track as 
shown in the schematic diagram in Fig. 5.5(a). The layers are intended to dissipate the 
energy in the outgoing propagating waves beyond the truncated track. Figure 5.5(b) 
shows the variation of damping property of the system. Note that the solid lines in the 
figure denote the physical damping properties provided by the discrete supports, while 
the dashed lines represent the artificial damping property within the EALs for the 
purpose of energy dissipation. It is necessary to adopt appropriate parameters for the 
EALs in order to ensure that the outgoing waves are substantially attenuated before 
they arrive at the boundaries of the truncated railway track. The responses of the rail 
beam in the vicinity of the ends are thus expected to be negligible. Consequently, the 
variation of the boundary conditions would have little effect on the response of the 
system. In view of this, each end of the truncated rail segment can be conveniently 
assumed to be always supported by one discrete support. Alternatively, the 
complication may be overcome by adopting a sufficiently long truncated track 
segment, provided that the speed of the traveling train is much smaller than the 











Figure 5.4 Motion of foundation support 
 
 
Figure 5.5 Damping property of the system 
 
5.4.2  Motion of Discrete Supports 
The motion of the discrete supports (external spring-damper systems) in moving 
coordinate system needs to be addressed next. As stated earlier, in the convected 
coordinate system, the discrete supports appear to be moving with a speed V in the 
negative direction of the r-axis. Figure 5.6 illustrates the motion of the discrete 
supports, modeled as spring-damper units, within a period during which the moving 









during which the moving load travels across two adjacent supports. In the convected 
coordinate system, the discrete supports would move backward, which requires 
constant updating of the matrices of rail beam elements. Due to the fact that the 
discrete supports are uniformly spaced, the wheel-rail interaction would experience 
periodical excitation due to the varying dynamic stiffness of the rail beam in moving 
coordinate system, provided that there is no external excitation such as railhead 
irregularity. In other words, the dynamic matrices of the rail beam elements are 
updated periodically in the time domain, which results in increased computational 
effort. To minimize the increased computational effort, it would be good to take 
advantage of the periodic nature arising from the motion of the uniformly spaced 
discrete supports. Hence, it is necessary only to compute the element matrices for 
various positions of the discrete supports for a typical period T. Once the dynamic 
matrices of the rail beam within the period T is obtained, they could be stored and 
retrieved conveniently for the computation for subsequent periods.  
To further elaborate the periodic behavior of the discretely supported HSR and 
how this can be taken advantage of to reduce computational effort, consider a rail 
beam resting on m+1 discrete supports as shown in Fig. 5.6. Figure 5.6(a) shows the 
situation at the start of a typical period t = t0 , in which the load is located right above 
one of the supports. As time marches, the boundary supports 1 and m+1 remain fixed, 
while the other (m-1) intermediate supports move in the opposite direction of the 
moving load. Figure 5.6(b) shows the positions of the discrete supports relative to the 
load at a typical time t = t * ( t0 < t*< t0 +T ). As can be seen, the load is located in 









end of one period T, i.e. at t = t0 +T , when support j (j = 2 to m) reaches the original 
location of support j-1 at the beginning of this period. The motion of the discrete 








Figure 5.6 Motion of discrete supports relative to load over a typical period T 
    
In view of the model configuration as sketched in Fig. 5.5, it is convenient to 
divide the truncated track into three portions, namely the central portion and the two 
EALs. The entire truncated track is then divided into m equal railway track segments 
as illustrated in Fig. 5.7. The length of a segment is equal to the spacing between two 
neighboring discrete supports. A typical segment is then discretized into a number of 









The numerical updating of the beam elementary matrices is now introduced. For 
the sake of simplicity, uniform mesh configurations will be employed. The periodic 
motion of the discrete supports within the segments is sketched in Fig. 5.8. Figure 5.8 
shows the positions of the discrete supports relative to the load at t = t0,t*,t0 +T . As 
can be seen, the matrices for segment m will remain unchanged. However, for the 
other segments, it is necessary to track the location of the discrete supports for the 
purpose of updating the stiffness and damping matrices as time marches. When a 
support is located within a beam element (see Fig. 5.9), the stiffness and damping 
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Figure 5.8 Motion of discrete supports over a typical period T 
 
 
Figure 5.9 Support located within a beam element 
 
5.5  Case Study 
Three cases involving discretely supported tracks are investigated. The first case 
involves a discretely supported rail beam subject to a moving load. The aim of this 
case is to examine the accuracy and efficiency of the proposed computational scheme 
as compared against the FEM. The effectiveness of the computational scheme is 
further examined in the second case using a single DOF moving sprung mass model. 
Results generated using the MEM are compared against available analytical solution 
in the literature. In the third case, the three DOFs moving sprung mass model 









representing the train is employed to analyze the response of the discretely supported 
rail system under the passage of high-speed trains. As a comparison, the response of a 
continuously supported HSR system using a foundation stiffness equivalent to one 
that is discretely supported is obtained. The difference in results between the 
‘equivalent’ continuously supported and the discretely supported HSRs is compared 
and discussed. 
 
5.5.1  Comparison of Results 
In order to test the effectiveness of the proposed computational scheme for MEM 
in solving moving load problems involving discretely supported tracks, the case of an 
Euler-Bernoulli beam resting over a sleeper-based foundation and subject to a moving 
train load traveling at 70 m/s is considered. The connection between the rail beam and 
the sleepers, known as rail pads and fasteners, is modeled within the discrete spring-
damper systems that are uniformly placed along the longitudinal direction of the rail 
beam. Table 5.1 lists the parameters for the model in this study. 
 
Table 5.1      Parameters for comparison Case 1 
Parameter Value Parameter Value 
 60 kg/m
 E 2×1011 N/m2 
I  3.055×10-5 m4 P 83.3×103 N 
kd 7×10
6 N/m cd 3.43×10
3 Ns/m 












In the moving element model, a truncated railway track with a total length of 14 
m is employed. The truncated track comprises of a central portion of length 2.8 m 
sandwiched between two EALs of length 5.6 m each. Each track segment spanning 
between two adjacent discrete supports is discretized into 5 moving elements of equal 
size. Note that this configuration of the MEM model is found to be able to produce 
results of satisfactory accuracy based on a convergence study. In order to investigate 
the necessity of padding the central track segment with EALs, the results generated 
are compared against those obtained using the MEM model of the truncated track of 
various lengths without the adoption of EALs. Figure 5.10 presents the results of the 
study, which shows the time history plot of the displacement of the track under the 
moving load. Note that N in the figure is a non-dimensional time parameter, in which 
N = 1 indicates the time for the load to travel between two adjacent discrete supports. 
As can be seen in the figure, the employment of a truncated track of 7m without the 
use of EALs is not good as can be seen by the lack of fit with the results obtained 
from the model using EALs. When the truncated track length is increased to 14m, 
which is the same as the model using EALs, it is found that there is great 
improvement in the accuracy of the results. The amplitude of the displacement 
response obtained matches closely enough although there is a phase change. When the 
truncated track length is increased further to 21m, there is virtually no difference in 
the results both in amplitude and phase. It may be concluded from this case study that 
the use of EALs is not highly critical since similar good results can be obtained with 
the use of a longer truncated track. The increase in computational effort with a longer 










Figure 5.10 Displacement profiles under moving load 
 
 
For the purpose of further examining the efficiency and accuracy of the MEM, 
the response of a discretely supported railway track is next investigated using both the 
FEM and MEM. In the FEM model, a sufficiently long segment of the railway beam 
is discretized. The segment comprises of three sub-segments, namely a central portion 
and two end portions. In the analysis, the moving load is initially applied at the start 
of the central portion. As the moving load travels at a constant velocity of 70 m/s 
across the central portion, the transient response eventually damps out. Thus, in order 
to capture the steady-state response of the system only, it is necessary to use a 
sufficiently long middle segment. Also, the two end portions of sufficient lengths are 
required in the FEM model in order to mitigate the artificial boundary effects due to 
the load moving in the vicinity of the boundaries. Taking advantage of the 
convergence study carried out for the MEM model, the lengths of the central and end 









the displacement of the beam under the moving load obtained using the MEM. Also 
shown in the figure are the results obtained using the FEM with different element 
sizes. As can be seen in Fig. 5.11, the results obtained using FEM is not as accurate as 
compared against those obtained using the MEM, for the case when both models 
employ the same element size. When a finer mesh is adopted for the FEM model, the 
result matches well with the MEM model. Note that the domain size required for 
FEM is generally no smaller than that for MEM. A larger domain size with a more 
refined mesh means greater computational efforts. Not surprisingly, the computational 
time required for the refined FE model takes about 10 times longer than that needed 
for the MEM model in this study, as shown in Table 5.2. It may therefore be 
concluded that the MEM is more efficient compared with the FEM for the study of 
moving load problems involving discretely supporting foundation. 
 
 









Table 5.2      Computational cost by MEM and FEM 
Solution Element size (m) CPU time (s) 
MEM 0.140 78 
FEM 0.035 886 
 
 
In an attempt to further examine the effectiveness of the proposed computational 
scheme, a discretely supported track subject to a moving train modeled as a sprung 
mass is next considered. Results generated from the proposed computational 
algorithm are compared against those obtained using the formulas presented by Sheng 
et al. (2007). Figure 5.12 shows the configuration of the model. Note that the system 
is assumed to be undamped and linearized Hertz spring is employed. A railhead 
roughness corresponding to an exciting frequency of 2000 Hz is employed to simulate 
the corrugation of the rail. The parameters adopted in the study are listed in Table 5.3. 
In view that there is no physical damping in the system, numerical instability faced by 
adopting standard Galerkin’s approach arises due to the negative damping value 
calculated according to Eq. (3.8). The modified Taylor-Galerkin’s approach adopted 
by Krenk et al. (1999) is therefore employed in order to overcome the aforementioned 
instability problem (see Appendix I). Figure 5.13 show the dynamic contact force 
distribution within a sleeper bay, i.e. the time history of dynamic contact force when 
the sprung mass moves from one sleeper to the nearest next. As can be seen in Fig. 
5.13, good agreement is found between the results generated using proposed 











Figure 5.12 Configuration of moving sprung mass model 
 
Table 5.3      Parameters for comparison Case 2 
Parameter Value Parameter Value 
 60 kg/m
 E 2.1×1011 N/m2 
I  3.055×10-5 m4 m 1350 kg 
kd 4.375×10
7 N/m KL 1.4×10
9 N/m 
V 80 m/s Ld 0.6 m 
at 0.1 mm λt 0.04 m 
l 9 m λ 18 m 
 
 










5.5.2  Dynamic Response of Discretely Supported HSR 
In the previous section, the effectiveness of the proposed algorithm in the MEM 
analysis of discretely supported beam subject to moving loads has been examined 
using both the moving load and simplified moving sprung mass models. Those 
models are obviously too simple to accurately and reasonably represent a real train. 
To capture the inertia effect of the moving train mass as well as the interaction among 
train components, the dynamics of HSR is next investigated using the moving sprung 
mass model as described in Section 2.3.2. The effect of train speed, track irregularity 
as well as foundation’s stiffness on the wheel-rail interaction is investigated and 
discussed. In view of expected higher level of vibration of the system when compared 
with the moving load model, the lengths of the central and end portions in the MEM 
model are both taken to be 7m. The track irregularity profile adopted in this study has 
a moderate wavelength of 1 m to simulate track corrugation defects and weld 
imperfections. Newton-Raphson’s method (Bathe 1996) is applied to solve the contact 
equation of the wheel and rail. In this study, the parameters of the train model are the 
same as those adopted by Koh et al. (2003) and have earlier been used in Chapter 4 
for the study of dynamics of continuously supported HSRs. These parameters are 
given in Table 4.4. The contact parameters adopted are also the same used in Chapter 
4, namely, the radius of wheel Rwheel = 460 mm, radius of railhead Rrailprof = 300 mm 
and Poisson’s ratio of the wheel and track material υ = 0.3. Unless otherwise noted, 
the parameters listed in Table 5.4 will be adopted for the rail-foundation model 










Table 5.4      Parameters for Case 2 
Parameter Value Parameter Value 
m  60 kg/m
 E 2×1011 N/m2 
I  3.055×10-5 m4 kd 7.8×10
7 N/m 
cd 5×10
4 Ns/m cm 1.372×10
5 Ns/m2 
 
 Figure 5.14 shows the effect of track irregularity amplitude on the dynamic 
amplification factor (DAF) in contact force when the moving sprung mass model is 
traversing the discretely supported rail at 70 m/s. For the purpose of comparing the 
dynamic response when a track is discretely supported against one that is 
continuously supported, results are obtained for the latter using an equivalent 
foundation stiffness ke = kd / ld . The solid and dashed curves in the figure show the 
results for the discretely supported and equivalent continuously supported tracks, 
respectively.  
As can be seen in Fig. 5.14, the responses for both cases are generally the same 
when the track irregularity amplitude is small and/or the train speed is low or more 
specifically, when the condition is such that there is no jumping wheel phenomenon 
(DAF < 2). On the other hand, when the condition is such that the jumping wheel 
phenomenon occurs, it is noted that the dynamic response of the discretely supported 
track tends to be higher than the equivalent continuously supported track. The 
difference can be as high as 12%. It may be therefore concluded that the vibration of 
the train-track system is more intense when the train is traveling along discretely 









when the dynamic excitation is high such that there is occurrence of the jumping 
wheel phenomenon. From a computational point of view, the use of a simpler 
equivalent continuously supported track to model a discretely supported track is 
acceptable provided that it is anticipated that the condition of the track and the 




Figure 5.14 Effect of track irregularity amplitude on DAF in contact force 
 
Figure 5.15 shows the contact force distribution over 10 discrete supports for the 
case when the train travels at 70 m/s and when the track irregularity amplitude is 0.31 
mm. Also plotted is the contact force distribution along an equivalent continuously 
supported rail. In order to capture the occurrence of the jumping wheel phenomenon, 
the plots in Figure 5.15 are zoomed up in the vicinity when the contact force is close 
to 0. As can be observed from the figure, it is found that there is occasional jumping 
V = 50 m/s V = 70 m/s 









wheel phenomenon when the train travels along a discretely supported rail but which 
does not occur when the track is continuously supported on an equivalent foundation. 
In view that such jumping wheel phenomenon generally introduces higher risk of 
derailment, more attention should therefore be paid to the safety issue when the rail is 
discretely supported.  
 
 
Figure 5.15 Contact force profiles over 10 discrete supports (V = 70 m/s) 
 
Apart from the magnitude of the wheel-rail contact force, the degree of vibration 
of the rail beam, which is highly related to the stability as well as durability of the 
lower structure, is also of interest to engineers. It is therefore necessary to investigate 
whether the discretely supported HSRs have a significant effect on the displacement 
of the rail beam when compared against the equivalent continuously supported HSRs. 
For this purpose, three cases of track irregularities, namely at = 0, 0.31 mm and 0.5 
mm, are studied. The first case presents a smooth rail head surface. The second case 
represents a moderate track irregularity where it is found that this track irregularity 









equivalent continuously supported HSR. The third case represents a relatively severe 
track irregularity where it is noted that the jumping wheel phenomenon is observed in 
both the discretely supported HSRs and the corresponding equivalent continuously 
supported HSRs.  
Figure 5.16 shows the displacement profiles of the rail under the moving train for 
the aforementioned three different track irregularities for a train speed of 70 m/s. For 
the case of the smooth rail, the displacement produced for the continuously supported 
track is constant, as to be expected. There is a slight periodic variation when the track 
is discretely supported which is governed by the distance between two adjacent 
discrete supports. As the track irregularity amplitude increases, the displacement of 
the rail is largely governed by the track irregularity. The contribution from the 
periodic variation due to the spacing of discrete supports to the displacement of the 
rail is noted to be virtually negligible. 
 
 
Figure 5.16 Displacement profiles over 10 discrete supports (V = 70 m/s) 
at = 0.5 mm 
at = 0 









Figure 5.17 illustrates the effect of the discrete support stiffness on the DAF in 
contact force. Note that in this study, the track irregularity amplitude is fixed at 0.1 
mm. It is observed from the figure that the DAF in contact force is virtually 
unaffected by the discrete support stiffness when the train speed is lower than 70 m/s. 
When the train speed is higher as in the case of 90 m/s, it is found that with increasing 
stiffness of the discrete support, the DAF in contact force increases, reaches a peak 
value at a certain critical stiffness and thereafter decreases. From an engineering view 
point, it is thus important to design the discrete foundation stiffness such that it is not 
close to the critical value for the case of very high speed trains in order to avoid high 
dynamic response.  
 
 
Figure 5.17 Effect of support stiffness on the DAF in contact force (at = 0.1 mm) 
 
Note that in all the aforementioned cases, the track irregularity wavelength is 









one wavelength, however, is not comprehensive, as the track irregularity wavelength 
resulting from imperfections of both wheel and rail ranges from centimeters to even 
several meters (Esveld 2001). It is thus necessary to study the effect of track 
irregularity wavelength on the dynamic response of the train-track system. Tracks 
with shorter irregularity wavelength tend to lead to larger vibrations. However, such 
tracks are also likely to have smaller irregularity amplitudes due to stringent 
maintenance by the rail operators including smoothing the rail surface. On the other 
hand, tracks with larger irregularity wavelength tend to lead to less severe vibrations. 
These tracks are also likely to have larger irregularity amplitudes as rail operators 
may not be so stringent in smoothing the rail surface so frequently, which is a costly 
operation. Thus, it is important to investigate the response of the system with various 
track irregularities considering identical ratios of irregularity amplitude to wavelength.  
Figure 5.18 shows the effect of train speed and track irregularity wavelength on 
the DAF in wheel-rail contact force for the case where the stiffness of the discrete 
supports is 7.8 × 107 N/m. Note that all the track irregularities adopted in this study 
have the same ratio of amplitude to wavelength (at/λt) of 10-4. As can be seen from the 
figure, the DAF is found to be nearly 1.0 when the wavelength is close to 0 for all 
cases of train speed V. This result is not surprising since the railhead surface is 
perfectly smooth as the track irregularity amplitude is close to 0 too. As the 
wavelength increases, the DAF is noted to initially increase to a peak before 
decreasing for all cases of V. When the wavelength is small in the range of 0.5 m to 









increases. It is interesting to note that the DAF reduces to nearly 1.0 for all cases of V 
when the wavelength increases beyond a certain critical value.  
 
 
Figure 5.18 Effect of wavelength on DAF in contact force 
 
The peak values shown in Fig. 5.18 may be explained as due to the effect of 
resonance. In view that the DAF in contact force is smaller than 2 for all cases shown 
in the figure, there is therefore no occurrence of the jumping wheel phenomenon. A 
linearized Hertz contact model is thus accurate enough to account for the contact 
interaction between wheel and track. Based on such a contact model, the natural 
frequency of the train track system may be estimated using the formulas presented in 
Eqs. (4.6a) and (4.6b). The exciting frequencies induced by the track irregularities are 
then compared to the natural frequencies of the linearized train-track model. For the 
case when V = 50 m/s and λt = 0.5 m, the exciting frequency is therefore 100 Hz. This 









which is estimated to be 94 Hz. This explains why there is a peak in the dynamic 
response. Likewise, for the cases V = 70 m/s and 90 m/s, peak responses are also 
observed to occur when λt = 0.75 m and 1.0 m, respectively, as the corresponding 
exciting frequencies are 93 Hz and 90 Hz, respectively. These exciting frequencies are 
again close to the natural frequency of the wheel-set.  
 
5.6  Concluding Remarks 
This chapter is concerned with a computational study on the dynamic response of 
discretely supported HSRs using the MEM. A computational scheme based on the 
MEM is proposed to account for the situation in which the railway track is resting on 
discrete supports comprising of sleepers, rail pads and fasteners. The accuracy of the 
proposed scheme is verified against available analytical solution in the literature and 
those obtained using the FEM. A parametric study is performed to investigate the 
effect of train speed, degree of track irregularity and stiffness of discrete supports on 
the dynamic response of the HSR system. As a comparison, the response of an 
approximate ‘equivalent’ continuously supported HSR system is obtained. The results 
based on the equivalent continuously supported and the discretely supported HSRs are 
compared and discussed.  
In the validation study, the results obtained using the MEM with the proposed 
computational procedure to account for discretely supported HSRs are found to 
compare well with available analytical results in the literature. Results obtained using 









a superior numerical approach than the standard FEM for solving discretely supported 
track problems in terms of both accuracy and efficiency.  
In the response study of the discretely supported HSRs, it is found that the DAF 
in contact force is generally larger when compared to that observed using the 
equivalent continuously supported HSRs, which implies that the traveling condition 
along a discretely supported rail is generally more severe. The difference in wheel-rail 
contact force between a discretely supported HSR and its equivalent continuously 
supported HSR, however, is negligible when there is no jumping wheel phenomenon. 
Under such a circumstance, the use of a simpler equivalent continuously supported 
track to model a discretely supported track is acceptable. When DAF in contact force 
is greater than 2, this difference becomes noticeable, which can be as high as 12% as 
found in the studied cases.  
It is also observed that the discrete supporting manner may give rise to contact 
forces high enough to trigger the occurrence of the jumping wheel phenomenon for a 
severe enough track irregularity, whereas such phenomenon is not observed using the 
equivalent continuously supported rail with the same track surface conditions. In view 
that such jumping wheel phenomenon generally introduces higher risk of derailment, 
more attention should therefore be paid to the safety issue when the rail is discretely 
supported. 
The difference in displacement of the railway track between a discretely 
supported HSR and its equivalent continuously supported HSR, however, is found to 
be negligible. As the track irregularity amplitude increases, the displacement of the 









variation due to the spacing of discrete supports to the displacement of the rail is 
noted to be virtually negligible. 
In the investigation on the effect of the stiffness of the discrete supports on the 
dynamic behavior of the HSR systems, it is observed that the DAF in contact force is 
virtually unaffected by the discrete support stiffness when the train speed is lower 
than 70 m/s. When the train speed is higher as in the case of 90 m/s, it is found that 
with increasing stiffness of the discrete support, the DAF in contact force is observed 
to increase to a critical value before decreasing as the stiffness of the discrete support 
increases. From an engineering view point, it is thus important to design the discrete 
foundation stiffness such that it is not close to the critical value for the case of very 
high speed trains in order to avoid high dynamic response.  
For a given ratio of amplitude to wavelength track irregularity, the DAF is noted 
to increase to a peak before decreasing as the wavelength increases. The peak values 
are observed to be a result of resonant responses. The DAF is also found to be 











Curved Beam Subject To Moving Load 
6.1  Introduction 
In the previous chapters, the dynamic behavior of a continuously or discretely 
supported HSR is investigated using the MEM. Results have shown that the proposed 
computational scheme in conjunction with the MEM is accurate and efficient in 
solving these problems. Previous chapters are concerned with straight rails only in 
view that most railway tracks are normally long and generally straight. However, 
curved tracks are also common enough. It is a well-known fact that a centrifugal force 
emerges when a mass moves over a curved path, which needs to be accounted for in 
the analysis. In the case of a HSR system, high lateral forces on the track are 
developed during the passage of high-speed trains. Such forces would lead to 
undesirable effects including increased curve resistance, wear, rail tilting, gauge 
widening and noise (Esveld 2001). It is therefore important to investigate the dynamic 
response of high-speed trains traveling over curved tracks, which shall be termed 
simply as curved HSRs. 
Chapters 6 and 7 are concerned with the study of a continuously supported 
curved HSR system. For such a complicated problem, it would be useful to first 
investigate a simplified HSR system modeled as a moving load over a curved beam 
for which an analytical solution is possible. This chapter shall therefore be focused on 
presenting the analytical method and solutions of a curved beam resting on a 









moving wheel loads. For actual HSR systems, it would be necessary to resort to the 
MEM due to the complexity of the problem. The MEM and results of the dynamic 
response of a curved HSR system will therefore be presented in Chapter 7.  
 
6.2  Literature Review 
The dynamic response of a beam traversed by moving loads has interested 
researchers over the past century. To the author’s best knowledge, however, the 
behavior of a curved beam subject to moving loads has not been extensively studied 
analytically. Earlier studies mainly focus on the out-of-plane free vibration of a 
curved beam (Bickford and Maganty 1986, Wang et al. 1980). To include the in-plane 
forced vibration, Yang et al. (2001) analyzed the dynamic response of a simply 
supported curved beam subject to moving loads. Only the first mode of vibration is 
considered in their research work. The main reason for this is due to the difficulty of 
employing mode superposition method when analyzing the in-plane response of the 
curved beam, as the in-plane displacement mode shapes are not orthogonal. The 
consideration of only the first mode of vibration is reasonable for studying the 
transient response of a curved bridge with short spans; however, such assumption is 
not applicable to the response analysis of curved railway and high speed road systems 
where the steady-state response is usually of interest. To investigate the dynamic 
behavior of a curved beam on an elastic Winkler foundation, Nair et al. (1985) studied 
the dynamic stability of a curved rail under a moving load. As a limiting case, the 
steady-state response of a straight rail was obtained. However, there seem to be 









the straight rail. Also, in the aforementioned research works, the systems are assumed 
to be undamped. This assumption, however, is not quite realistic as it is expected that 
some form of damping does exist in any physical system (Sun 2002).   
In this chapter, an analytical solution to the dynamic response of a curved rail 
beam resting on a viscoelastic foundation subject to a single or sequence of loads 
moving at a constant speed is presented. The effect of damping is accounted for in the 
derived analytical solution. The accuracy of the solution is examined through 
comparison against available analytical solution in the literature. Parametric studies 
are also carried out to investigate the effect of various parameters, including the speed 
of moving load, radius of the curvature as well as the stiffness of the supporting 
foundation, on the dynamic response of the curved beam. 
 
6.3  Problem Definition 
Consider a curved railway beam with a constant radius R resting over a 
viscoelastic foundation as shown in Fig. 6.1. Note that the x-axis is tangent to the axis 
of the beam centroid. Figure 6.2 (a) shows a cross-sectional view of the rail beam and 
the spring damping model of the Winker-foundation. The top of the beam is subject to 
a combination of contact forces exerted by the moving train. In view that the 
superelevation angle is usually small (α < 6.75o) for most practical cases, the beam is 
assumed to be resting up-right on the foundation, while the effect of the 
superelevation angle is taken into account when calculating the moving load acting on 









bisymmetric and neglecting warping deformation (Yang et al. 2001), the linear 

























































where E and G denote the moduli of elasticity of the beam; Iy and Iz the second 
moments of inertia about y-axis and z-axis, respectively; Ip and J the polar moment of 
inertia and torsional constant of the beam, respectively; A the area of cross-section of 
the track; u, v, w and β the axial, vertical, radial and torsional displacements of the 
beam centroid, respectively; kx and cx, ky and cy, as well as kz and cz refer to the 
stiffness and damping properties provided by the foundation along the x, y and z 
directions, respectively; kt and ct the torsional resistance provided by the foundation; 
fv and fh are the vertical and horizontal loads exerted on top of the beam, respectively; 
and d denotes the distance between the top and the elastic axis of the beam.  
Note that when the curvature of the beam is set to zero, i.e. 1/R = 0, Eq. (6.1b) 




























































































































































Figure 6.1 Curved railway track 
 
 
 (a)                                                                         (b) 










6.4  Proposed Analytical Solution 
In the mathematical model, a curved beam of a finite length l is modeled, as 
shown in Fig. 6.1. The length of the track beam should be long enough so that the 
displacements and forces at the ends of the beam are small when the moving loads are 
located sufficiently far from the boundaries. For this reason, the boundary condition at 
the two ends of the curved beam is reasonably assumed to be virtually unconstrained. 
It can be seen from Eq. (6.1a) to (6.1d) that the linear governing equations of the 
curved beam are partially uncoupled. The out-of-plane displacements (v and β) are 
noted to be independent of those of the in-plane displacements (u and w). Thus, the 
analysis of the out-of-plane and in-plane responses of the curved beam can be 
performed separately. 
 
6.4.1  Out-of-Plane Response 
If the response of the curved beam when the moving load is acting in the vicinity 
of the two ends is not of interest, the deflection of the beam at the boundaries is 
usually small when the load is away from the ends of the beam. Thus, the vertical 
displacement of the curved beam can be reasonably expressed as the summation of a 
series of sinusoidal functions as 
 (6.2) 
where qvi denotes the generalized coordinate of the ith vertical vibration mode. In 
view of the coupled equations of motion presented in Eq. (6.1b) and (6.1d), the 






















where qβi denotes the ith generalized coordinate of the torsional angle.  
To solve the coupled differential equations, Galerkin’s approach is adopted to 
formulate the weighted residual forms of the governing equations of motion. As the 
mode of vibration is orthogonal with each other, the governing equations for the out-












































  (6.4b) 


























































































































































gmf vh  (6.4j) 
The general solutions to Eq. (6.3b) and (6.3d) are composed of the 
complementary and particular solutions, which can be written as 
vipvicvi qqq   (6.5a) 
ipici qqq    (6.5b) 
where the subscripts c and p denote the complementary and particular solutions, 


















 cossin 22 

 (6.6b) 
where ωopi and ωopDi denote the ith natural and damped frequencies of out-of-plane 
vibration of the curved beam, respectively; ξopi the damping ratio corresponding to the 
ith out-of-plane response; Aij and Bij are constants to be determined from the initial 
conditions. First, we shall consider the undamped case. With ξopi set to zero in Eq. 










































By solving the eigen-value problem, the ith natural frequency of the out-of-plane 
















  (6.8) 
For the damped case, the damped natural frequency of the out-of-plane vibration 
of the curved beam may be similarly evaluated from the homogeneous form of Eq. 
(6.4). The details of the derivation, however, are not presented in view that the 
damped natural frequency affects only the transient response of the system, which is 
of little practical interest in view that it will damp out eventually leaving only the 
steady-state component. 
















 cossin   (6.9b)    
































































































































































The vertical and torsional deformations of the curved beam subject to a vertical 




































































  (6.11b) 
The complementary response, also known as the transient response, damps out 
quickly and is of little practical interest. Thus, the steady-state out-of-plane response 
may be written as 
 (6.12a) 
 (6.12b) 
















































































































































By setting the determinant in Eq. (6.13) to zero, the ith critical speeds of the out-
of-plane response of a curved beam subject to a moving load can be determined from 






















































































6.4.2  In-Plane Response 
Similarly, the trial function for the radial displacement of the beam is assumed to 
be the summation of a series of sinusoidal functions as 
 (6.15) 
where qwi denotes the ith generalized coordinate of the radial vibration mode. In view 
of the form of the coupled governing equations given in Eq. (6.1a) and (6.1c), the trial 
function for the axial displacement is assumed as 
 (6.16) 
where qui denotes the ith generalized coordinate of the axial displacement. 
Note that this expression for the axial displacement is reasonable in view that the 
boundary conditions are not prescribed. More accurate solution can be obtained by 
taking more modes into account. Once again, Galerkin’s approach is employed to 

































  (6.17b) 




























































































































2  (6.17f) 
m
cx1  (6.17g) 
m
cz2  (6.17h) 
By performing a similar procedure as elaborated in the previous section for 
deriving the out-of-plane responses, the radial and axial displacements of the curved 




























































where ωipi and ωipDi denote the ith natural and damped frequencies for the in-plane 
vibration, respectively. The ith natural frequency is given by 
 (6.18c) 
C and D are constants to be determined from the initial conditions; G and K are 


























































































































































































































Similarly, the ith critical speeds of the in-plane responses of a curved beam 




























6.4.3  A Sequence of Moving Loads 
In the previous two sections, the analytical solutions to the out-of-plane and in-
plane responses of a curved beam subject to a single moving load have been derived. 
Under the assumption that the behavior of the beam is linear, the dynamic response of 
a curved beam subject to a sequence of moving loads (see Fig. 6.3) can be obtained by 















where j denotes each individual moving load; n the total number of moving loads; dj 
























































































































































































































































































6.5  Case Study 
In this section, three cases are investigated. In the first case, the convergence and 
accuracy of the proposed analytical formulas is examined against available analytical 
results for the case of a straight beam under a moving load. In the second case of a 
curved beam under a single moving load, a sensitivity analysis on the critical speed of 
a curved beam is also performed. Parametric study is carried out to investigate the 
effect of speed of moving load and radius of curvature on the DAF in displacement of 
the rail. For the aforementioned two cases, results of both subsonic and supersonic 
cases are presented and discussed. In the third case, the responses of a curved beam 
subject to a sequence of moving loads are investigated. As a comparison, the results 
for the case of a curved beam subject to a single moving load are also generated. The 
difference between the responses obtained using the single moving load model and 
the sequence of moving loads model are compared and discussed. 
 
6.5.1  Straight Beam Subject to a Single Moving Load 
The case of a straight beam of length l resting on a viscoelastic foundation with 5% 
damping ratio and subject to a moving load is considered. The moving load 
considered arises from the weight due to a 8500 kg lumped mass moving at a 
conventional HSR speed of 250 km/h. According to Dimitrovová and Varandas 
(2009), the foundation stiffness typically ranges from 5×105 to 1×108 N/m2. For such 
a range of stiffness, the critical wave velocity in the foundation exceeds 869 km/h, 









thus lower than the critical speed. Parameters relating to the properties of the beam 
and foundation used for this study are listed in Table 6.1. 
By setting the curvature of the beam and superelevation to zero, i.e. 1/R = 0 and α 
= 0, the analytical formulas developed in this chapter reduce to those for the special 
case of a straight beam subject to moving loads. A convergence study is first 
performed to ensure the accuracy of computed results. As the convergence rate of the 
mode superposition method is affected by both the length of the truncated beam and 
number of modes (Dimitrovová 2010), the maximum steady-state displacement of the 
beam is computed for various lengths of truncated beam and number of modes. Figure 
6.4 presents the results of the convergence study, which shows the steady-state 
response at the instant when the moving load arrives at the midpoint of the beam. As 
can be seen in the figure, all results converge steadily with increasing number of 
modes. It is noted that lesser number of modes is required for convergence with 
shorter lengths of truncated beam. For example, only 6 modes are sufficient for 
convergence of the maximum steady-state response for the case of a truncated length 
of 5 m. The difference between 6 and 10,000 modes for this case was noted to be less 
than 1%.  For a longer truncated length of 30 m, 33 modes are required to ensure the 
same degree of convergence.  
 
Table 6.1      Parameters for beam and foundation 
Parameter Value Parameter Value 
E 2×1011 N/m2 Ix 3.055×10
-5  m4 
A 7.69×10-3 m2  m  60 kg/m 
ky 1×10









It can be seen from Fig. 6.4 that the converged maximum displacement depends 
on the length of the truncated beam. To highlight this clearly, Figure 6.5 re-presents 
the results by plotting the converged maximum displacements with respect to various 
lengths of truncated beam. It can be seen that the converged maximum displacement 
is virtually the same for truncated lengths larger than 12.5 m. For lengths smaller than 
this value, the maximum displacement is noted to be either larger or smaller than the 
converged value. For example, the use of a truncated length of 5 m would result in an 
overestimation of the maximum displacement, whilst an underestimation would be 
obtained from using a truncated length of 7.5 m. It is clear that it is important that the 
truncated length of beam used in the analysis should be greater than a certain critical 
value in order to ensure convergence of results. 
 
 











Figure 6.5 Converged maximum response of beam with respect to truncated lengths 
 
The accuracy of the present solution is next investigated by comparing against 
available analytical steady-state response solution of a straight beam on a viscoelastic 
foundation obtained by Kenney (1954). Figure 6.6 shows the converged steady-state 
vertical beam deflection profiles when the moving load reaches the midpoint of the 
truncated beam for four lengths of truncated beam, namely 5.0, 7.5, 10.0 and 12.5 m. 
Also plotted in the figure are the results using the proposed formula by Kenney (1954). 
Note that the original of r-axis in Fig. 6.6 is attached at the application point of the 
moving load. As noted earlier, when the truncated length is smaller than a critical 
value of 12.5 m, it is expected that results have not converged and thus would be 
inaccurate. This may be explained as due to erroneous boundary effects arising from 
the finite beam used to simulate the infinite nature of the problem. As can be seen 
from Fig. 6.6, clear disagreement is found between the present solutions for the case 









7.5 and 10.0 m, the results are agreeable with each other and Kenney’s solution over 
most part of the truncated beam except in the vicinity of the boundaries. Good 
agreement between the present analytical and Kenney’s results is achieved when the 
truncated length of beam is increased to 12.5 m. According to Kenney’s formula, the 
deflections at the ends of a beam of this length are found to be negligible, which 
explains why a minimum truncated length of 12.5 m is necessary in the present 




Figure 6.6 Steady-state vertical deflection of beam 
 
Consider next the supersonic case where the moving load is traveling at a speed 
higher than the critical speed of the system. The critical speeds of the system are 
computed by finding the positive real roots of Eq. (6.14) for each vibration mode. The 
lowest critical speed Vcr for the case considered is found to be 510.4 m/s (1837.4 









(1954). For the supersonic case investigated, a moving load traveling at a speed of 1.5 
Vcr is considered. In view of expected higher degree of vibration when compared with 
the subsonic case, a larger domain size as well as more modes should be adopted in 
order to generate accurate results. Based on the results from a convergence study, it is 
found that a truncated length of 200 m, together with 200 modes, would be enough to 
accurately estimate the deflection of the beam in the vicinity of the moving load. 
Figure 6.7 shows the steady-state vertical displacement of the beam computed using 
the proposed formula. Also depicted in this figure are the results obtained using the 
formula by Kenney (1954). As can be seen, the results by the proposed formula have 
excellent agreement with the ones by Kenney (1954). Also, the Doppler effect arising 
from the moving load, where the displacement response in front of the moving load 













6.5.2  Curved Beam Subject to a Single Moving Load 
In an attempt to study the response of a curved beam subject to a single moving 
load, the same moving load problem discussed in Section 6.5.1 is re-analyzed but this 
time with the load traveling over a curved beam. In addition to the parameters for a 
straight beam adopted in Section 6.5.1, additional parameters relating to the curved 
beam are presented in Table 6.2.  
In order to investigate the behavior of a curved beam subject to a moving load 
traveling at subsonic and supersonic speeds, it is necessary to first determine the 
critical speed of the curved beam. Using the same approach described earlier, the 
lowest critical speed corresponding to the out-of-plane response is found to be 510.4 
m/s (1837.4 km/h), which is virtually identical to that of a straight beam as presented 
in the previous section. For the in-plane response, the lowest critical speed is found to 
be 281.4 m/s (1013.0 km/h), which is much lower than that of the out-of-plane 
response. In view of this, it is reasonable to state that the critical speed drops 
dramatically from a straight beam to a curved beam.  
 
Table 6.2      Parameters adopted for the response analysis of curved beam. 
Parameter Value Parameter Value 
Iy 5.13×10
-6  m4 υ 0.2   
J 4.23×10-6  m4 ρ 7800 kg/m3 
R 1000 m α 5o 
d 0.13 m kx 5.5×10
6 N/m2 
kz 5.5×10










A sensitivity analysis on the critical speed of a curved beam is also performed. 
Figure 6.8 shows the variation of critical speeds corresponding to out-of-plane and in-
plane responses of a curved beam of various radii. It can be seen that the critical speed 
is virtually insensitive to the radius when it is larger than a certain critical value. In 
many practical problems involving curved beams subject to a moving load, such as in 
high-speed rail or road systems, it should be noted that the radius of the curved beam 
is generally larger than this critical value. Figure 6.9 shows the relationship between 
the critical speed of a curved beam and the stiffness of the foundation. Note that for 
the analysis of in-plane response of a curved beam, the stiffness provided by the 
foundation along the radial and axial directions are assumed to be identical. It can be 
observed from Fig. 6.9 that the critical speed increases sharply when the foundation is 
soft and then more gradually as the foundation stiffness increases.  
 
 










Figure 6.9 Effect of stiffness of foundation on critical speed of curved beam 
 
Figure 6.10 shows a resonance diagram presenting the effect of speed of moving 
load on the DAF in vertical displacement of curved beams of different radii. The DAF 
is obtained by taking the ratio of the maximum dynamic to static vertical 
displacements of the beam. Also shown in this figure are the results for a straight 
beam. As can be seen in Fig. 6.10, a decrease in beam radius tends to increase the 
DAF in vertical displacement, especially when the beam is subject to a moving load 
of higher speeds. This is reasonable since the magnitude of vertical load will increase 
as a result of an increase in speed of moving load and / or a decrease in beam radius 
(see Eq. (6.4i)).  
It should be noted that the critical speed estimated in Fig. 6.10 is the lowest one 
corresponding to the out-of-plane behavior of the beam, which is much higher than 
the maximum operational and even the test speeds of current conventional high-speed 









respectively. From an engineer’s point of view, results obtained using a speed ratio 
V/Vcr greater than 0.35 is of little interest. It may be therefore concluded that the effect 
of curvature on the vertical displacement of the beam is virtually negligible for 
practical design of current HSR systems. 
 
 
Figure 6.10 Effect of radius and speed on DAF in vertical displacement of curved 
beam 
 
The effect of beam radius and speed of moving load on the in-plane response of 
curved beams is next investigated. Figure 6.11 shows the radial displacement of 
curved beams of various curvatures under passage of moving loads traveling at 
different speeds. It should be noted that the degree of curve shown in Fig. 6.11 refers 
to the central angle subtended by a chord of 100 ft. Thus a small degree of curve 
implies a large radius and hence a smooth curve, while a large degree of curve implies 
a small radius and therefore a sharp curve.  
As can be seen in Fig. 6.11, each of the curves intersects with a dashed line at 









fully compensated by the gravity component along the railhead surface due to the 
track superelevation, i.e. fh = 0 in Eq. (6.4j). Each of the intersections corresponds to a 
speed known as the design speed, which is the speed in which there will be no lateral 
force developed along the railhead surface as the train travels over the curve. It can be 
observed from the figure that for speed below the design speed, the radial 
displacement of rail beam is towards the center of the curvature. This is due to the fact 
that the induced centrifugal force is smaller than the gravity component as a result of 
the track superelevation. For speed above the design speed, the radial displacement of 
rail beam is outwards as a result of insufficient gravity component to compensate the 
centrifugal force. In view that the magnitude of the radial displacement increases 
rapidly as the speed of moving load is far above the design speed, it is therefore 
important to design for a sufficient track superelevation or control the speed when 













6.5.3  Curved Beam Subject to a Sequence of Moving Loads 
In most practical situations, the soil-structure system is usually subject to more 
than one moving load. For instance, when a train is traveling along a railway track, 
the track is actually subject to a sequence of moving loads exerted by the wheels of 
the train. The response of a curved beam subject to a sequence of moving loads is 
next studied.  
For this case, the behavior of a curved beam resting on a uniform viscoelastic 
foundation subject to a sequence of moving wheel loads exerted by a TGV (French 
high-speed train) locomotive is investigated using the formulas presented in Eqs. 
(6.21a) to (6.21d). Figure 6.12 shows the dimensions of a typical TGV locomotive 
(Lei and Noda 2002). The loading due to the locomotive is taken to comprise of four 
equal lumped masses, each of magnitude 8500 kg, applied through the wheels. Based 
on the result of a convergence study, a curved beam of a truncated length of 50 m 
with 300 vibration modes is employed for the analysis of the vertical and radial 
responses of the curved beam. The analysis of axial displacement is disregarded due 
to its negligible magnitude.  
 
 










It should be noted that the response of a curved beam under a sequence of 
moving loads using the formulas expressed in Eqs. (6.21a) to (6.21d) is obtained by a 
linear superposition of the responses of the beam under individual moving loads. It is 
therefore expected that the maximum displacement of the beam is either augmented or 
reduced when compared to that obtained using a single moving load model, 
depending on the displacement profile of the beam and the distance between two 
adjacent moving loads. Results obtained in the previous case study on the response of 
a curved beam under a single moving load have revealed that the vertical 
displacement of a curved HSR track is virtually unaffected by the speed of train and 
radius of track curvature. Thus, this case study aims to examine whether the stiffness 
of foundation will introduce a significant difference in the response of a curved beam 
subject to a single and a sequence of moving loads.  
Figures 6.13 and 6.14 show the effect of foundation stiffness on the maximum 
vertical and radial displacements of a curved rail beam of radius 1000 m subject to 
moving loads traveling at 350 km/h, respectively. Note that the notation Nv in Fig. 
6.13 denotes the ratio of maximum absolute vertical displacement of the rail beam 
under a sequence of four wheel loads to that under a single moving load. Similarly, Nr 
denotes the ratio corresponding to the maximum absolute radial displacement of the 
rail beam. As can be seen in the figures, the ratios corresponding to both the vertical 
and radial displacements of the curved beam are greater than 1 for cases of soft 
foundation. These ratios are observed to decrease before increasing and converging to 











Figure 6.13 Effect of foundation stiffness on vertical displacement of curved beam 
 
 










This observation is reasonable due to the fact that for soft foundations, the span 
of the rail which undergoes negative (downward) displacement induced by one wheel 
generally extends beyond the adjacent wheel under the same bogie. The resultant 
displacement of rail subject to more than one wheel is thus augmented due to the 
additional superposed effects from the adjacent wheels. On the other hand for stiff 
foundations, the span of rail subject to noticeable displacement induced by one wheel 
generally does not extend beyond the adjacent wheels. Therefore, the maximum 
displacement of rail is virtually independent of the number of wheels. For foundations 
of stiffness between soft and stiff, it may be possible that the influence of the 
displacement induced by one wheel on the rail under the adjacent wheel may be 
opposite (i.e. in the upward direction). Consequently, the resultant displacement of the 
rail subject to several wheels may be reduced due to the negative superposed effects 
from adjacent wheels. In view of this, it is important that a more realistic train model 
comprising of multiple moving loads be employed to accurately capture the 
displacements of the curved beam when the stiffness of the supporting foundation is 
considered to be small. For stiffness of foundation greater than approximately 2×107 
N/m2, the simpler single moving load model may be used although the maximum 
displacements of the curved beam might be slightly overestimated. 
 
6.6  Concluding Remarks 
In this chapter, an analytical solution to the response of a curved beam resting 
over a viscoelastic foundation and subject to a single or sequence of moving loads is 









results are compared against available analytical solutions in the literature. Excellent 
agreement between current and available results is found thereby validating the 
accuracy of the proposed analytical formulas for a straight beam. The proposed 
formulas are then used to obtain the responses of a curved beam subject to a single as 
well as a sequence of moving loads. Parametric studies are carried out to investigate 
the effect of various parameters including the speed of moving load, radius of 
curvature as well as stiffness of foundation on the dynamic response of a curved beam. 
In the parametric study on critical speed of a curved beam, it is observed that the 
critical speed is virtually insensitive to the radius when it is larger than a certain 
critical value. In many practical problems involving curved beams subject to moving 
load, such as in high-speed rail or road systems, it should be noted that the radius of 
the curved beam is generally larger than this critical value. Therefore it may be 
concluded that the critical speed of a curved track is unaffected by its radius. The 
critical speed, however, is observed to increase sharply when the foundation is soft 
and then more gradually as the foundation stiffness increases. From an engineering 
point of view, it is therefore important to design the foundation property so that the 
critical speed of the system is substantially larger than the maximum speed of high-
speed trains. Alternatively, the maximum operating speed of the train should be kept 
lower than the critical speed. 
In the study on the out-of-plane response of a curved beam subject to a moving 
load, a resonance diagram is presented showing the effect of speed of moving load on 
the DAF in vertical displacement of curved beams of different radii. It is observed 









especially when the beam is subject to a moving load of higher speeds. In view that 
the maximum operational and even the test speeds of current conventional high-speed 
trains are usually much lower than the critical speed corresponding to the out-of-plane 
response of a curved track, it may be concluded that the effect of curvature on the 
vertical displacement of the beam is virtually negligible for practical design of current 
HSR systems, provided that the supporting foundation is sufficiently stiff. 
In the study on the in-plane response of a curved rail beam subject to a moving 
load, it is observed that for speed below the design speed, the radial displacement of 
rail beam is towards the center of the curvature. For speed above the design speed, the 
radial displacement of rail beam is in the opposite direction as a result of insufficient 
gravity component to compensate the centrifugal force. In view that the magnitude of 
the radial displacement increases rapidly as the speed of moving load is far above the 
design speed, it is therefore important to design for a sufficient track superelevation or 
control the speed when traveling along a curved rail so that negative effects such as 
rail widening can be avoided. 
In the study on the response of a curved beam subject to a sequence of moving 
loads, it is found that the maximum absolute vertical and radial displacements of the 
curved beam are greater than that obtained using the single moving load model for 
cases of soft foundation. As the stiffness of foundation increases, the difference in 
maximum displacements of the curved beam by using the single and sequence of 
moving loads models becomes smaller. It is therefore important that a more realistic 
train model comprising of multiple moving loads is employed to capture the 









stiffness of foundation greater than 2×107 N/m2, the simpler single moving load 
model may be used although the maximum displacements of the curved beam might 











Motion Of High-Speed Train Over A Curved Track 
7.1  Introduction 
In the previous chapter, the behavior of a simplified HSR system modeled as a 
single or sequence of moving loads over a curved beam is investigated. Based on an 
analytical approach, simple formulas are derived to investigate the response of a 
curved beam resting on a viscoelastic foundation subject to high-speed train treated 
simply as a sequence of moving wheel loads. The moving load model is obviously an 
over-simplified model of a train. Furthermore, there exists railhead surface 
corrugation in an actual track. The analytical method proposed in the previous chapter 
cannot be applied to account for the additional dynamic excitation due to track 
irregularity as well as to account for realistic trains. For actual HSR systems, it would 
therefore be necessary to resort to numerical methods due to the complexity of the 
problem. A review of the literature unfortunately revealed that there is apparently not 
much work carried out on the dynamic response of curved HSR systems, despite 
being an important problem. This chapter is therefore concerned with a 
comprehensive computational study on the dynamic response of a high-speed train 
traveling over a curved track using the MEM.  
 
7.2  Problem Definition 
The problem of concern comprises a high-speed train traveling at a constant 









of the passage of an ICE train over a curved section of the track. Figure 7.2(a) shows 
a plan view of a train coach over a curved track. The track, of length l and radius R, is 
assumed to be continuously supported by a Winkler foundation of uniform properties. 
To compensate for the centrifugal effects due to the motion over a curve, the outer 
rails are typically elevated higher than the inner rails as shown in Fig. 7.2(b). The 
difference in elevation of the inner and outer rails are defined by the superelevation α, 






















7.3  Mathematical Formulation 
The HSR system may be divided into two sub-structures, namely the ‘upper’ train 
structure and the ‘lower’ track-foundation. Section 7.3.1 presents the mathematical 
model of the curved track-foundation and the corresponding governing equations. 
Due to the curvature of the track, it is necessary to adopt a 3-D train model. The 
mathematical model and governing equations of the train shall be presented in Section 









contact model that accounts for both the normal and tangential contacts between the 
train wheel and rail is proposed and described in Section 7.3.3. 
 
7.3.1  Curved Track-Foundation Model 
In the lower structure of the train-track system, the same curved track-foundation 
model as presented in Chapter 6 is employed in this chapter. Figure 7.3 (a) shows a 
single-rail model of the curved track. The governing equations of motion for this 


























































In view that the outer and inner rails are elevated at different heights due to the 
superelevation α, the normal contact forces developed at the two rails are not equal. It 
is therefore necessary to employ a 3-D double-rail model in order to accurately 
account for the wheel-rail interaction. Figure 7.3 (b) shows a schematic drawing of a 
double-rail model. Note that the spacing between the two rails is termed as track 
gauge. In view that the track gauge (1435 mm for standard track (Wikipedia 



























































































































































double-rail model can be reasonably assumed to independent of each other. Also, as 
the track gauge is generally much smaller than the radius of curvature, the two rails 
can be assumed to have the same radius. The governing equations for each rail of the 
double-rail system are thus identical as given in Eqs. (7.1a) to (7.1d). 
 
  
(a)                                                                    (b) 
Figure 7.3 Curved railway track: (a) single-rail model; (b) double-rail model 
 
7.3.2  3-D Train Model 
In the previous chapters concerned with straight tracks, the train is modeled as a 
moving load or a moving sprung mass system. These two models consider 
translational motions of the train components along the vertical direction (y-axis) only. 
A single-rail model is sufficient for the analysis as it is assumed that the response of 
each rail is identical. However, in the analysis of curved HSR systems, it is necessary 
to employ a 3-D vehicle model that includes vertical as well as horizontal and 














Figure 7.4 3-D moving sprung mass model: (a) rear view; (b) side view 
 
The idealized train model is shown in Fig. 7.4. In view that the pair of front 
wheel-sets (front wheels) is normally spaced far apart from the pair of rear wheel-sets 
(rear wheels), it is reasonable to assume that there is no interaction between the front 
and rear wheels. Thus, only a half-coach model is considered. Figures 7.4 (a) and (b) 
show the rear and side views of the train model employed, which may be termed the 









half-coach. The 3-D train model comprises of a car body supported through a 
secondary suspension system to a bogie. The bogie is in turn connected to two wheel-
sets through a primary suspension system. Both suspension systems are modeled with 
an appropriate number of vertical and horizontal spring-damping units, as shown in 
Fig. 7.4. 
Pitching and yawing motions of the car body is neglected, which is reasonable in 
view that such motions are negligible due to the fact that the pairs of front and rear 
wheel-sets supporting the coach are spaced far apart in a typical high-speed train 
coach. The DOFs of the various components are shown in Fig. 7.4. A total of 16 
DOFs are employed to describe the motion of the train. 
Based on Newton’s second law of motion, the governing equations of the 3-D 
moving sprung mass model can be derived. The equations for the car body are 




mgmvvkvvcvm ccbcysbcyscc    (7.2a) 




mgmwwkwwcwm ccbczsbczscc     (7.2b) 
(7.2c) 
where mc denotes the mass of car body; vc, wc,  and vb, wb,  denote the vertical, 
lateral and rolling displacements of the centroids of the car body and bogie, 
respectively; kzs and czs refer to the vertical stiffness and damping properties of the 
secondary suspension system, respectively; kys and cys the lateral stiffness and 
damping properties of the secondary suspension system; Icz denotes the moment of 
inertia of the car body in roll; 2ds is the distance between the two vertical spring-













damping units of the secondary suspension system; Hcb the vertical distance between 
the car body center of mass and the horizontal spring-damping units of the secondary 
suspension system; α the superelevation angle; and R the radius of the track.  
The equations of motions of the bogie are 
     














     













  (7.3b) 
 (7.3c) 
    02222 1212  wwbbbypwwbbbypbbz vvllkvvllcI    (7.3d) 
   

















where mb denotes the mass of the bogie; vwi, wwi,  the vertical, lateral and rolling 
displacements of the centroid of the ith wheel-set, respectively; θb and ψb the pitching 
and yawing angles of the bogie, respectively; kxp, kyp and kzp refer to the longitudinal, 
vertical and lateral stiffness properties of the primary suspension system, respectively; 
cxp, cyp and czp the longitudinal, vertical and lateral damping properties of the primary 
suspension system, respectively; Ibx, Iby and Ibz the moments of inertia of the bogie in 
pitch, yaw and roll; 2dw the distance between the two vertical spring-damping units of 
the primary suspension system; 2lb the distance between two adjacent wheel axles; Hbt 
     
     






























the vertical distance between the bogie center of mass and the horizontal spring-
damping units of the secondary suspension system; and Hbw the vertical distance 
between the bogie center of mass and the wheel-set center of mass. 
The governing equations for the wheel-sets are 




















































































   
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where mw denotes the mass of the wheel-set; ψwi the yaw angle of the ith wheel-set; 
Iwx and Iwy the moments of inertia of the wheel-set in pitch and yaw, respectively; 
il
cyF  







cM   the tangential contact forces along x and z axes and 






cM   
the corresponding quantities exerted on the right wheel of the ith wheel-set; 2 0a  the 
distance between the inner and outer rail wheels; and r0 the nominal radius of the 
wheel. 
The equations of motion for the 3-D moving sprung mass model given in Eqs. 
(7.2) to (7.4) may be written in compact form as follows 
 (7.5) 
where Mu, Cu, and Ku denote the mass, damping, stiffness matrices and force vector 
of the upper structure of the train-track system, i.e. the 3-D train model; 
uz , uz  and 
uz  the train displacement, velocity and acceleration vectors; Pu the force vector 
which includes also the contact forces between wheels and rails as well as gravity 
forces of the train components. 
 
7.3.3  Wheel-Rail Contact Model  
In addition to the normal Hertz contact force that is perpendicular to the contact 
surface, there exists a tangential contact force between the contacting surfaces of the 
wheel and rail due to the centrifugal force effect when a train travels over a curved 









track. The expressions for the normal contact force have earlier been derived in 
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K H  (7.6c) 
where y  denotes the contact indentation and is the algebraic sum of the 
displacement of the track at the contact point,
rcy , the magnitude of track surface 
irregularity,
ty , and the displacement of the left wheel of the ith wheel-set in contact 




cyF  denotes the Hertz contact force between the corresponding 
wheel and rail; KH the Hertz spring constant; Rwheel and Rrailprof the radii of the wheel 
and railhead, respectively; E and υ the elastic modulus and Poisson’s ratio of the 
material, respectively. 
The tangential contact force, also known as creep force, is dependent on the 
relative speed between the wheel and rail (Iwnicki 2006). Figure 7.5 shows a 
schematic drawing illustrating the tangential forces on the wheel-set. In order to 
model the tangential contact forces in the case of a Hertzian contact, Kalker’s linear 
theory is employed. This theory assumes the tangential contact forces as a function of 
the relative speeds between rigid bodies near the contact point (Iwnicki 2006), which 









xcx fF  11  (7.7a) 
  2322 ffF zcz  (7.7b) 
   3323 ffM zc  (7.7c) 
where f11=Gabc11, f22=Gabc22, f23=G(ab)
2/3c23, and f33=G(ab)
2c33; cij denotes the 
Kalker’s coefficient, G the modulus of rigidity; a and b refer to the length of the semi-
axes of the contact surface; εx, εz and εψ refer to the creepages in the longitudinal, 






































  (7.8d) 
where uw denotes the lateral displacement of the wheel-set; V0 the nominal running 
speed of the wheel-set; γ the conicity of the wheel profile; Dc denotes the distance 
between the contact points on the wheel-set; and ψ the yaw angle of the wheel-set. 
Note that the superscripts l and r in Eqs. (7.8a) to (7.8d) refer to the left and right 
wheels of the incident wheel-set. 
It should be noted that the Kalker’s linear creepage theory may cause some errors 
in calculating the tangential contact forces for large creepage ratios (Xu and Ding 









Moreover, sliding of the wheels towards the opposite direction of the track curvature 
center may occur when uncompensated centrifugal forces are large enough. Under 
such situation the contact condition between the wheel and rail may shift from one-
point contact to two-point contact as shown in Fig. 7.6. This shift of contact condition 
tends to prevent the sliding motion of the wheels induced by the centrifugal effect. In 
view of this, it is reasonable to assume that the unbalanced centrifugal force is fully 
compensated by the railhead under large creepage ratios, and thus the large sliding of 
the wheels due to centrifugal effect is not considered. 
 
 




(a)                                                                                  (b) 









7.4  Proposed Computational Technique 
It has been established in the previous chapters that the moving element method 
is a powerful tool for the treatment of moving load problems. This method however 
has been limited in applications involving straight tracks only. It is therefore 
important to develop and adopt suitable strategy to extend the application of the MEM 
to deal with problems involving curved HSRs. 
Straight beam elements are employed in the MEM to model a curved railway 
track resting on a viscoelastic foundation. By setting the radius of curvature to zero, 
the theory of curved beam expressed in Eqs. (7.1a) to (7.1d) is reduced to the 
conventional theory of straight beam, whose governing equations of motion can be 
written as 
  (7.9a) 
 (7.9b) 


























The MEM employs a moving spatial coordinate system in which the origin is 
attached to the point of application of the moving load. Figure 7.7 shows the moving 
r-axis, whose origin is fixed at the same position of the moving load and is thus 























































































Figure 7.7 Moving and fixed coordinate systems 
 
In view of the relationship between the two coordinate systems as stated in Eq. 
























































2  (7.10d) 
In a typical analysis using the MEM, the beam is discretized into moving 
elements. The approximation of the displacement field of a typical element of length 


















































































































































































where Nu, Nv, Nw and Nβ denote, respectively, the vectors of shape functions for the 
axial, vertical, radial and torsional nodal displacements; and d denotes the vector of 
nodal displacements. Hermitian cubic polynomials are employed as shape functions 
for the lateral and vertical displacements whereas linear shape functions are used for 
the axial and torsional displacements.  
Adopting Galerkin’s method of weighted residuals, the element mass, damping 




where Mj, Ci, and Ki denote, respectively, the sub-matrices of element mass, damping 


















































































































































































































































 NNNNNNNNK  (7.13l) 
where (),r denotes partial differentiation with respect to r. 
Note that the aforementioned elementary matrices are formulated in the local x’z’ 
(see Fig. 7.8) coordinate system. To form the global matrices, it is necessary to first 




















































































































Figure 7.8 Local and global coordinate systems 
 
In view of Fig. 7.8, the relationships between local and global coordinate systems 
may be written as 
zxx 111 dsindcos'd    (7.14a) 
zxz 111 dcosdsin'd    (7.14b) 
zxx 222 dsindcos'd    (7.14c) 
zxz 222 dcosdsin'd    (7.14d) 
zxx  111 dsindcos'd   (7.14e) 
zxz  111 dcosdsin'd   (7.14f) 
zxx  222 dsindcos'd   (7.14g) 
zxz  222 dcosdsin'd   (7.14h) 
where subscripts 1 and 2 denote Node 1 and Node 2 of the element, respectively. 
By performing coordinate transformation, the elementary matrices stated in Eqs. 









assemblage, the structure equations of motion of the railway track in global 
coordinate system can be obtained as follows 
lllllll PzKzCzM    (7.15) 
where 
lz  is the displacement vector of the lower structure of the train-track system, i.e. 
the track-foundation system; 
lM , lC  and lK are the mass, damping and stiffness 
matrices of the track-foundation model, respectively; and 
lP  the vector of external 
forces exerted on the track-foundation model. 
Note that Eq. (7.15) gives the equations for a single curved rail beam resting on a 
Winkler foundation and subject to moving trainloads. In the analysis of train-track 
system using the 3-D moving sprung mass model, we need to formulate the equations 
of motion for two rail beams supporting the trainloads. The equations governing the 
two rails are identical. Upon assembling, the equations of motion of the double-rail 





























































































where the superscript i and o denote the inner and outer rails, respectively. 
In the analysis employing Hertz contact theory to simulate the behavior of the 
wheel-rail interaction, Newton-Raphson’s approach (Bathe 1996) is adopted to solve 
the nonlinear equations. The numerical procedure presented in Appendix II may be 
employed. For the equations governing the vertical response of the track-foundation, 
Newton-Raphson’s approach was however found to be too cumbersome to use. One 









current iteration step for those at the next step. In such a way, the nonlinear terms 
representing the Hertz contact forces exerted on the rails are replaced by constants of 
known values, thereby removing the complication of employing the Newton-
Raphson’s approach. This explicit procedure, however, would result in a spurious 
‘time lag’ effect in the computation as the contact forces emerging at the wheels and 
the rails do not match. This spurious effect could be minimized by adopting a very 
refined time step size, but at the expense of high computational cost.  
Alternatively, the nonlinear terms representing Hertz contact forces may be 
replaced by a combination of linear terms comprising the accelerations of the vehicle 
components. For the purpose of elaborating this implicit approach, the governing 
equations of vertical, lateral and rolling motion of the leading wheel-set of the 3-D 
moving sprung mass model as expressed in Eqs. (7.4a), (7.4c) and (7.4e) are rewritten 
here for ease of reference as 
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From Eq. (7.18) and Eq. (7.19), the terms representing lateral contact forces may 
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In view of Eqs. (7.17) and (7.20), the Hertz contact forces developed between the 
leading wheel-set and the rail may be expressed as 
 
     
   
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As can be seen in Eqs. (7.21a) and (7.21b), the nonlinear Hertz contact forces are 
replaced by linear combinations of accelerations of the train components. Substituting 
Eqs. (7.21a) and (7.21b) into the equation governing the vertical motion of the railway 
track would result in an equation without nonlinear terms. Following a similar 
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7.5  Case Study 
In this section, the results of two numerical case studies are presented. The first 
case involves a curved track subject to a single or sequence of moving load. The aim 
of this case is to examine the accuracy of the proposed computational scheme 
developed in this chapter. In view of the lack of both analytical and numerical results 
in the literature, the analytical solution presented in Chapter 6 will be used to verify 
the accuracy of the proposed computational scheme.  
In the second case, the 3-D moving sprung mass model representing the train is 
employed to investigate the dynamic response of the curved HSR system. Parametric 









train, degree of track irregularity as well as radius of curvature on the dynamic 
behavior of the curved HSR. Results generated using the MEM are presented and 
discussed. 
 
7.5.1  Comparison of Results 
In an attempt to examine the accuracy of the proposed computational scheme in 
conjunction with the MEM for dealing with curved HSRs, the case of a curved track 
resting on a uniform viscoelastic foundation with 5% damping ratio and subject to a 
moving load is considered. The moving load considered arises from the weight due to 
a 8500 kg lumped mass moving at a conventional high-speed rail (HSR) speed of 70 
m/s. The parameters of the curved track are listed in Table 7.1. 
 
Table 7.1      Parameters of curved track for Case 1 
Parameter Value Parameter Value 
E 2×1011 N/m2 Ix 3.055×10
-5  m4 
Iy 5.13×10
-6  m4 m 60 kg/m 
A 7.69×10-3 m2  υ 0.2   
J 4.23×10-6  m4 R 1000 m 
d 0.13 m α 5o 
kx 5.5×10
6 N/m2 ky 1.0×10
7 N/m2 
kz 5.5×10











In the moving element model, a truncated track with a total length of 30 m is 
employed. In view that stress concentration only occurs at the application point of the 
moving load, it is expected that the magnitude of displacement of the track decreases 
rapidly away from the moving load. It is therefore economical to utilize a non-
uniform mesh. Figure 7.9 shows a schematic drawing of the mesh configuration of the 
MEM model. Note that this configuration is observed to be able to produce accurate 
results based on a convergence study. 
 
 
Figure 7.9 Mesh configuration of the MEM model (single moving load) 
 
The accuracy of the proposed computational scheme for curved tracks subject to 
a moving load is investigated by comparing against results obtained using the 
analytical formulas developed in Chapter 6. Figures 7.10 – 7.12 present the compared 
results for the steady-state vertical, radial displacements and torsional deformation of 
the track, respectively. It is to be noted that the analysis of the axial displacement is 
disregarded due to its negligible magnitude. As can be seen in these figures, excellent 











Figure 7.10 Vertical displacement of the curved track under a moving load 
 
 










Figure 7.12 Torsional deformation of the curved track under a moving load 
 
In real situations when a train is traveling along a railway track, the track is 
actually subject to a sequence of moving loads exerted by the wheels of the train. The 
accuracy of the proposed computational scheme for the treatment of a curved track 
subject to a sequence of moving loads is next examined.  
For this case, the response of a curved track resting on a uniform viscoelastic 
foundation subject to a sequence of moving wheel loads exerted by the same TGV 
(French high-speed train) locomotive as studied in Chapter 6 is investigated. For ease 
of reference, the dimensions of a typical TGV locomotive presented in Fig. 6.12 is re-
presented here, as shown in Fig. 7.13. The loading due to the locomotive is taken to 
comprise of four equal lumped masses, each of magnitude 8500 kg, applied through 
the wheels. Based on the results of a convergence study, a curved track of a truncated 
length of 50 m is employed for the analysis of the out-of-plane and radial responses of 









element model. Similar to the previous case, the analysis of axial displacement is 
disregarded due to its negligible magnitude. The accuracy of these results is verified 
by comparing with those obtained using the analytical formulas presented in Chapter 
6.  
Figures 7.15 – 7.17 show the steady-state responses of a curved track under the 
passage of moving loads arising from a high-speed train traveling at a speed of 70 m/s. 
As can be seen from the figures, all results obtained by proposed computational 
scheme in conjunction with the MEM are found to be in excellent agreement with 
those by the analytical solutions presented in Chapter 6.  
    
 
Figure 7.13 TGV locomotive layout 
    
 










Figure 7.15 Vertical displacement of curved track under a sequence of moving loads 
 
 











Figure 7.17 Torsional deformation of curved track under a sequence of moving loads 
 
7.5.2  Dynamic Response of Curved HSR 
In the previous section, the accuracy of the proposed computational scheme in 
conjunction with the MEM for the analysis of curved track subject to moving loads 
has been examined using the moving load model. This moving load model is 
obviously too simple to accurately and reasonably represent a real train. In order to 
capture the inertia effect as well as the interaction among train components and 
effects of track irregularities, the dynamics of the train-track system is next 
investigated using the 3-D moving sprung mass model to represent the train. The 
effect of key parameters like train speed, degree of track irregularity and curvature of 
track radius on the behavior of the curved HSR system is investigated and discussed. 
In view of expected higher level of vibration of the system when compared with the 









increased to 80 m, as shown in Fig. 7.18, which presents a schematic drawing of the 
mesh configuration. The track irregularity profile adopted in this study has a moderate 
wavelength of 1 m to simulate track corrugation defects and weld imperfections. 
Newton-Raphson’s method (Bathe 1996) is applied to solve the contact equation of 
the wheel and rail. In this study, the parameters of the train model recommended by 
Jin et al. (2006) are adopted. The Kalker coefficients listed by Iwnicki (2006) are 
employed. Unless otherwise noted, the parameters listed in Table 7.2 will be adopted 
for the train-track model throughout this section. 
 
 
Figure 7.18 Mesh configuration of one rail under moving train 
 
Table 7.2      Parameters of curved track for Case 2 
Parameter Value Parameter Value 
E 2×1011 N/m2 Ix 3.055×10
-5  m4 
Iy 5.13×10
-6  m4 m 60 kg/m 
A 7.69×10-3 m2  J 4.23×10-6  m4 
d 0.13 m α 6.75o 
kx 5.5×10
6 N/m2 ky 1.0×10
7 N/m2 
kz 5.5×10
6 N/m2 kt 7.1×10
4 N/rad 
mc 1.7×10
4 kg mb 3×10
3 kg 
mw 1.4×10










Parameter Value Parameter Value 
Ibx 2.26×10
3 kgm2 Iby 3.16×10
3 kgm2 
Ibz 2.71×10
3 kgm2 Iwx 915 kgm
2 
Iwy 915 kgm
2 Iwz 140 kgm
2 
kxs 0.15×10
6 N/m2 kys 0.4×10
6 N/m2 
kzs 0.15×10
6 N/m2 kxp 10×10
6 N/m2 
kyp 0.55×10
6 N/m2 kzp 5×10
6 N/m2 
cxs 60×10
3 Ns/m cys 80×10
3 Ns/m 
czs 60×10
3 Ns/m cxp 1.76×10
6 Ns/m 
cyp 6×10
3 Ns/m czp 1.25×10
6 Ns/m 
ds 1.21 m lb 1.5 m 
0a  0.7465 m Hcb 1.145 m 
Hbt 0.081 m Hbw 0.14 m 
Rwheel 460 mm Rrailprof 300 mm 
 
For the purpose of testing the proposed computational scheme for the treatment 
of nonlinear terms in the governing equations of the track, as elaborated in Section 7.4, 
the response of a curved track of radius 4500 m traversed by a train modeled as a 3-D 
moving sprung mass model traveling at a constant speed of 50 m/s is investigated. A 
near smooth track, with an irregularity amplitude of 0.1 mm, is considered. For the 
given condition, it is found that a time step size no greater than 0.0002 s has to be 
used when adopting the explicit computational scheme with ‘time lag’ effect. 









computational results. For the implicit computational scheme of replacing the 
nonlinear Hertz contact forces by linear combinations of lumped mass accelerations 
of the train components, there is no need to further refine the time step size so long as 
it satisfies the normal convergence requirement. Based on the case studies carried out 
earlier in this thesis, a time step size of 0.0005 s is used. 
Figure 7.19 shows the results of the normal contact force between the left leading 
wheel and the rail. As can be seen, the results obtained using the two computational 
schemes are virtually the same. However, it should be noted that the total 
computational time required in adopting the explicit scheme with ‘time lag’ effect is 
about five times longer than that required for the implicit algorithm without ‘time lag’ 
effect. This larger computational effort arises due to the need to employ a refined time 
step size. In view of this, it may be concluded that the use of the implicit 
computational scheme without ‘time lag’ effect is more efficient. 
 
 









The dynamic response of a curved HSR in which the train is traveling at the 
design speed VD is next investigated. Recall that the design speed is the speed in 
which the centrifugal force developed as the train travels over the superelevated 
curved track is equal to the component of the train weight in the direction of the 
incline. Alternatively, for a given design speed and superelevation angle, the curved 
track radius can be computed based on fundamental mechanics principle. These are 
found to be 2155 m, 4225 m and 6983 m for a track superelevation angle of 6.75o and 
design speeds of 50 m/s, 70 m/s and 90 m/s, respectively. The track irregularities on 
the outer and inner railhead surfaces are taken to be identical. Under this condition, 
when the train travels at the design speed, the responses of the outer rail and the inner 
rail are thus the same. The purpose of this study is to investigate the difference in the 
dynamic responses at the contact points between the rail and the leading wheels as 
well as the trailing wheels. 
Figure 7.20 shows the effect of track irregularity on the Hertz contact forces. The 
figure shows the ratio DAFt/DAFl plotted against the track irregularity amplitude for 
various design speeds, in which DAFl and DAFt denotes the dynamic amplification 
factors in normal contact forces exerted on the leading wheels and trailing wheels, 
respectively. As can be seen in this figure, the ratio DAFt/DAFl is always greater than 
1.0. This implies that the DAF in contact force exerted on the trailing wheel is larger 
than that on the leading wheel for all cases of speeds and track irregularities 
investigated. The difference is found to be augmented for higher speeds and/or more 
severe track irregularities. In this study, a maximum difference of 15% is observed 











Figure 7.20 Effect of track irregularity on normal contact forces 
 
In the previous case, the track irregularities at the two railhead surfaces are 
assumed to be exactly the same. In reality, the track irregularities at the outer and 
inner rails are not identical. However, it may be reasonable to assume that the 
irregularities in both rails tend to develop into similar profiles (i.e. amplitude and 
wavelength) but may not be identical in phase. In the next case study, the effect of 
phase difference in the track irregularity profiles of inner and outer rails on the 
dynamic vibration of the system is investigated. For this purpose, four magnitudes of 
phase difference are considered for the case when the train is traveling at the design 











Figure 7.21 Effect of track irregularity on DAF in contact force at leading wheels 
 
 










Figures 7.21 and 7.22 show the effect of track irregularity phase difference on the 
DAF in contact forces exerted on the leading wheel and trailing wheel, respectively. 
As can be seen, the effect of phase difference on the DAF in contact forces at leading 
and trailing wheels is virtually negligible although there seems to be some noticeable 
effect for larger values of irregularity amplitudes. In view of this, it may be concluded 
that the wheel-rail contacts are unaffected by the phase difference between track 
irregularities at the two rails. 
In reality, it is not feasible that a train is always traveling at the design speed 
when entering a curved track segment. There may also be other uncontrolled factors 
or unforeseen circumstances in which the train could be travelling at a speed 
undesirably higher than the design speed. Under these situations, the centrifugal 
forces are not fully compensated by the effect of track superelevation. These 
uncompensated centrifugal forces would result in undesirable rolling moments on the 
train components. Also, the magnitudes of the contact forces at the outer and inner 
rails are not the same with the consequence that there is faster wear and tear on the 
wheels and rail, particularly at the outer rail due to the higher dynamic force.  
Furthermore, there is the possibility of occurrence of the jumping wheel phenomenon 
at the inner rail which could lead to instability and derailment. It is therefore 
necessary to investigate the dynamic response of a curved HSR when the train is 
traveling higher than the design speed of the system. 
Figure 7.23 shows the effect of traveling speed on the contact forces between the 
wheels and rails for the case of a high-speed train traveling over three curved tracks 









show how DAFo/DAFi varies with V/VD, where DAFo, DAFi denote the DAF in 
wheel-rail contact forces at the outer and inner rails, respectively. Note that the track 
irregularity amplitude considered in this study is 0.1 mm. As stated earlier, it is 
assumed that there is no phase difference in the track irregularity profiles at the outer 
and inner rails. As such, the maximum contact forces at the outer and inner rails occur 
at the same time. The ratio DAFo/DAFi is therefore a good indication of the level of 
instability of the train, i.e. high ratios imply high instability and vice versa.  
As can be seen in Fig. 7.23, the contact forces exerted at the outer rail is observed 
to be higher than those at the inner rail when the traveling speed is greater than the 
design speed. Interestingly, the ratio DAFo/DAFi is observed to increase more or less 
linearly as V/VD increases initially beyond 1.0. The ratio is then found to increase 
sharply thereafter for higher V/VD. As explained, it is undesirable to have large 
difference in the contact forces at the inner and outer rails. The results in Fig. 7.23 
show that the difference is around 50% when the train speed exceeds the curved track 
design speed by about 60%. This difference doubles when the train speed increases by 
approximately another 30% only for the case of the curved track with design speed of 
50 m/s. Similar alarming trends are observed for all the other curved tracks considered. 
It is also interesting to note that for a given ratio of V/VD, the ratio DAFo/DAFi is 
lower for the curved track which has a higher design speed. This implies that curved 
tracks with higher design speeds may permit a higher level of train speed above the 
design speed for the same condition of track irregularity. However, it is necessary to 









which has a higher chance of occurring at the inner rail for curved tracks with higher 
design speed. This point will be further elaborated in the later part of this section. 
Figure 7.24 shows the time history plots of contact forces at the leading wheels at 
the inner and outer rails.  The plots shown are for two curved tracks with design 
speeds of 50 m/s and 90 m/s, respectively, and when the train is traveling at 50% 
higher than the corresponding design speed (i.e. V/VD = 1.5). Note that the non-
dimensional parameter Nt denotes the number of cycles of the track irregularity the 
train has traveled across. From Fig. 7.24, two observations can be made. Firstly, the 
mean values of the contact forces are noted to be virtually the same for the two curved 
tracks considered. This is not surprising since the mean contact force correspond to 
the case in which there is no dynamic excitation, i.e. when the track is perfectly 
smooth. Secondly, the amplitude of the contact force, which is the dynamic 
component arising from track irregularity, is found to be greater for the track with the 
higher design speed of 90 m/s. This is predictable in view that the dynamic vibration 
induced by the track irregularity is larger for a higher traveling speed. From these two 
observations, it can be shown mathematically (see Appendix III) that the ratio 
DAFo/DAFi is expected to be lower for curved tracks with higher design speed for a 
given V/VD. This explains the trends of the curves presented in Fig. 7.23 and the 
finding that the ratio DAFo/DAFi for tracks with higher design speeds is lower when 











Figure 7.23 Effect of traveling speed on DAF in contact force 
 
 
Figure 7.24 Contact force profiles at leading wheels (V/VD = 1.5) 
 
As stated earlier, besides the concern over high ratios of DAFo/DAFi, there is also 
the other major concern relating to possible derailment due to the train speed 
exceeding the curved track design speed. To investigate this concern, the case of a 
train traveling at 90 m/s over a curved track of radius 1000 m and superelevation 
Contact force at outer rail (VD = 90 m/s) 
Contact force at outer rail (VD = 50 m/s) 
Contact force at inner rail (VD = 50 m/s) 









angle of 6.75o is analyzed. The design speed of the curved track is 34 m/s which 
means that the train speed is about 2.65 times the design speed. Figure 7.25 shows the 
contact force history plot at the leading wheels at the outer and inner rails for three 
conditions of track irregularity. As can be seen, the contact forces at the outer and 
inner rails are found to increase and decrease, respectively, as the train travels over 
the curved track. Upon close examination of the plot for the inner rail in Fig. 7.25, it 
is noted that after a certain time, there is the occurrence of the jumping wheel 
phenomenon. The contact force at the inner rail is found to eventually decrease to 
zero permanently resulting in the loss of contact between the wheel and the inner rail. 
Subsequently, the train is expected to derail as it overturns further. In view of this, it 
is thus not surprising that the Alvia train in Spain derailed recently in 2013 when 
traveling at a speed about 2.5 times the speed limit of a curved track section 
(Wikipedia contributors 2014c). 
 
 
Figure 7.25 Contact force profiles at leading wheels (V = 90 m/s) 
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7.6  Concluding Remarks 
This chapter is concerned with a computational study on the dynamic response of 
curved HSRs using 3-D MEM. A computational scheme in conjunction with the 
MEM is proposed to account for the situation in which the railway track has a 
curvature. In view of the lack of results in the literature that can be used to examine 
the accuracy of the computation scheme proposed in this chapter, the analytical 
solution derived in Chapter 6 for a moving load travelling over a curved beam is used 
to verify the proposed computational scheme in conjunction with the MEM. The 
response of curved HSRs is next investigated using a realistic 3-D moving train model 
and a double-rail model. A parametric study is carried out to investigate the effect of 
various parameters, including the speed of train, degree of track irregularity and 
radius of curvature, on the dynamic response of a curved HSR system. 
In the validation study, the case of a curved track subject to a moving load is 
investigated. Results generated using the MEM with the proposed computational 
scheme are found to compare well with those obtained using the analytical formulas 
presented in Chapter 6. The case of a curved track subject to a sequence of four 
moving loads representing the wheel loads of a TGV locomotive is next investigated 
using both the MEM and the analytical solution in Chapter 6. Excellent agreement is 
found for all cases of results obtained. 
In the response study of curved HSRs, the behavior of the system is investigated 
using two computational schemes, namely the one with a ‘time lag’ effect and the 
other without such effect. It is found that the results obtained using the two 









by adopting the scheme with a ‘time lag’ effect is about five times higher than that 
required using the algorithm without ‘time lag’ effect due to the need to employ a 
refined time step size. In view of this, it is therefore recommended that the 
computational scheme without ‘time lag’ effect be used. 
In the study on the dynamic response of curved HSRs in which the train is 
traveling at the design speeds, it is found that the DAF in contact forces at the trailing 
wheels are larger than that at the leading wheels for all cases of speeds and track 
irregularities investigated. The difference is found to be augmented for higher speeds 
and/or more severe track irregularities. In this study, a maximum difference of 15% is 
observed between the contact forces exerted on the leading and trailing wheels which 
may be regarded as not too large and thus not a major concern. 
The effect of the track irregularity phase difference on the DAF in contact forces 
exerted on the leading and trailing wheels is investigated. Results obtained reveal that 
the effect of phase difference on the DAF in contact forces is virtually negligible 
although there seems to be some noticeable effect for larger values of irregularity 
amplitudes. In view of this, it may be concluded that the wheel-rail contacts are 
virtually unaffected by the phase difference between track irregularities at the two 
rails. 
In the study of curved HSRs in which the train is traveling higher than the curved 
track design speed, it is found that the contact force on the outer rail is larger than that 
on the inner rail. The ratio DAFo/DAFi is found to increase more or less linearly as 
V/VD increases initially beyond 1.0 and then increase sharply thereafter for higher 









train speed exceeds the curved track design speed by about 60%. This difference 
doubles when the train speed increases by approximately another 30% only for the 
case of the curved track with design speed of 50 m/s.  The larger the difference in 
contact forces at the outer and inner rails, there is also the higher risk of possible 
instability of the train and faster rate of wear and tear in wheels and track. Similar 
alarming trends are observed for all the other curved tracks considered. It is also noted 
that for a given ratio of V/VD, the ratio DAFo/DAFi is lower for the curved track which 
has a higher design speed. This implies that curved tracks with higher design speeds 
may permit a higher level of train speed above the design speed for the same 
condition of track irregularity.  
In addition to the undesirable large difference in the contact forces at the inner 
and outer rails, it is important to consider the potential instability effect arising from 
the jumping wheel phenomenon, which has a higher chance of occurring at the inner 
rail for curved tracks with higher design speed. Results obtained from the case study 
have shown that after a certain time, there is the occurrence of the jumping wheel 
phenomenon when the traveling speed of train is far above the design speed. The 
contact force at the inner rail is found to eventually decrease to zero permanently 
resulting in the loss of contact between the wheel and inner rail and the inducement of 
possible derailment. It is therefore important that the radius of track and/or track 
superelevation be designed properly and the operational speed of the train be 
controlled not to exceed the track design speed to ensure no derailment of train as 











Conclusions And Recommendations 
This thesis is concerned with a computational study on the dynamic response of 
high-speed train-track systems using the moving element method. The proposed 
computational model adopts Hertz and Kalker contact theories to account for the 
contact between the wheel and the rail. Due to the high speed of train moving over the 
track, the contact model adopted allows for the phenomenon of ‘jumping wheel’ in 
which there are momentary loss of contact between the wheel and the rail. The train 
models used in the current study range from the simplest case of a single moving load 
to the more sophisticated and realistic model where the train is modeled as an inter-
connected system of car body, bogies and wheel-sets.  
The dynamic response of a high-speed train traveling over a straight railway track 
that is continuously supported by the foundation, namely the continuously supported 
HSR, is investigated. A contact model for the wheel-rail interaction that allows for the 
occurrence of the ‘jumping wheel’ is proposed. The study examines the situations 
when the ‘jumping wheel’ phenomenon occurs and investigates its effect on the HSR 
system. 
The dynamic response of a HSR system at track transition, where a sudden 
change in foundation stiffness exists at the so-called transition point, is next 
investigated. The computational procedure in the MEM developed for the 
continuously supported track on uniform foundation was extended to deal with track 
transition problems, in which the properties of the foundation are non-uniform. 









on the dynamic response of the HSR system, in particular, the occurrence of the 
‘jumping wheel’ phenomenon. Parameters considered include the speed of train, 
degree of severity of track irregularity and magnitude of change of foundation 
stiffness at the transition region. 
Following the study on continuously supported HSRs, the dynamic response of 
discretely supported HSRs is next investigated. A computational scheme in 
conjunction with the MEM is proposed to account for the situation in which the 
railway track is resting on discrete supports comprising of sleepers, rail pads and 
fasteners. A parametric study is performed to investigate the effect of train speed, 
degree of severity of track irregularity and stiffness of discrete supports on the 
dynamic response of the HSR system. For the purpose of comparison, the response of 
a continuously supported HSR system using a foundation stiffness equivalent to one 
that is discretely supported is obtained and compared against the discretely supported 
model.  
In the aforementioned case studies on continuously and discretely supported 
HSRs, only HSR systems with straight track alignment are discussed. In view that 
curved tracks are also common enough in reality, the dynamic response of HSRs over 
curved tracks is next investigated. For such a complicated problem in which the 
centrifugal effects have to be accounted for, an analytical study is first carried out 
based on a simplified HSR system modeled as a single or sequence of moving loads 
over a curved beam on Winkler foundation. The out-of-plane and in-plane responses 
of a curved beam subject to a single or sequence of moving loads are then examined 









For the purpose of further investigating the dynamic behavior of a curved HSR 
system, a 3-D moving sprung mass model and double-rail model are employed to 
represent the realistic high-speed train-track system. The proposed 3-D model adopts 
Hertz’s and Kalker’s contact theories to account for the normal and tangential contact 
between the wheel and rail, respectively. A computational scheme based on 3-D 
MEM is proposed for the dynamic analyses of curved HSR systems. Parametric 
studies are performed to investigate the effects of speed of train, degree of severity of 
track irregularity and radius of curvature of track on the dynamic response of curved 
HSRs. 
The findings arising from the numerical study are summarized below. This 
chapter will also recommend other related works which could be carried out in the 
future. 
 
8.1  Summary of Findings 
In the study of a high-speed train traveling over a continuously supported straight 
track, the suitability and accuracy of the contact models, namely the nonlinear and bi-
linear Hertz models, in accounting for the wheel-rail interaction is examined. 
Comparison of the results obtained using the two contact models reveals that they are 
agreeable when the dynamic response of the HSR system is expected not to be high. 
Thus, it is recommended that the computationally inexpensive bi-linear contact model 
be used for cases of low dynamic excitation. However, the nonlinear Hertz contact 
model should be adopted to model correctly the behavior of the wheel-rail interaction 









considered to be high, especially when there is a high possibility of the occurrence of 
the jumping wheel phenomenon. 
In the parametric study on the occurrence of the jumping wheel phenomenon, it is 
found that the speed of the travelling train and the severity of track irregularity are 
key factors affecting the occurrence of this phenomenon. The jumping wheel 
phenomenon generally does not occur when either the speed of the train is relatively 
low or the track surface nearly smooth. As to be expected, the dynamic response of 
the train-track system is found to be significantly higher when there is an occurrence 
of jumping wheel. This has important implication on the track maintenance program. 
It is critical that track maintenance be properly exercised and/or the train operational 
speed be moderated to avoid any occurrence of the jumping wheel phenomenon, 
especially for old tracks where track corrugation is likely to be severe.  
In the study of train-track systems involving transition region, it is found that 
railway track transition has negligible effect on the wheel-rail contact forces when the 
railhead is near smooth; however, such transition regions may give rise to contact 
forces high enough to trigger the occurrence of the jumping wheel phenomenon for a 
severe enough track irregularity. The effect of phase shift of track irregularity with 
respect to the location of the transition point on the vibration of the system is found to 
be negligible. For any given change in foundation stiffness at the track transition 
region and condition of track irregularity, it is found that the direction of train travel 
from softer to stiffer foundation results in more severe vibration as compared to the 









In order to investigate whether the dynamic vibration produced by a discretely 
supported HSR is more severe, results obtained are compared to a continuously 
supported HSR with an equivalent foundation stiffness. The study reveals that the 
DAF in contact force tends to be larger when the track is discretely supported 
especially when the degree of severity of track irregularity and speed of train are high. 
This indicates that the traveling condition along a discretely supported rail is generally 
more severe. When the DAF in contact force is greater than 2, this difference can be 
as high as 12%. It would therefore be necessary to adopt a correct model for the track 
foundation. Conversely, when the dynamic vibration is not expected to be high, such 
as when the track condition is reasonably good and the train speed is not high, the 
difference is found to be small and as such, the use of a simpler equivalent 
continuously supported track to model a discretely supported track is acceptable.  
The difference in displacement of the railway track between a discretely 
supported HSR and its equivalent continuously supported HSR, however, is found to 
be negligible. As the track irregularity amplitude increases, the displacement of the 
rail is largely governed by the track irregularity. The contribution from the periodic 
variation due to the spacing of discrete supports to the displacement of the rail is thus 
noted to be virtually negligible.  
Apart from concern over failure of the train structural components due to high 
DAF in contact force, there is also concern over the comfort level of passengers and 
the rate of deterioration of material strength due to fatigue arising from high vibration 
of the railway track. Thus, it may be concluded that a discretely supported track may 









induced may not be significantly different as compared to an equivalent continuously 
supported track. 
The study on discretely supported HSRs also reveals that the DAF in contact 
force is virtually unaffected by the discrete support stiffness when the train speed is 
lower than 70 m/s. When the train speed is higher as in the case of 90 m/s, it is found 
that as the stiffness of the discrete support increases, the DAF in contact force 
increases to a peak value at a critical value of the discrete support stiffness before 
decreasing. From an engineering view point, it is thus important to design the discrete 
foundation stiffness such that it is not close to the critical value for the case of very 
high speed trains in order to avoid high dynamic response.  
The study on curved HSRs reveals several interesting findings. Based on a 
simplified model of the train as a single or sequence of moving loads, analytical 
formulas derived show that the critical speed of a curved track is unaffected by its 
radius except for extremely small values which are not the case for typical tracks. The 
critical speed is also found to increase sharply when the foundation is soft and then 
more gradually as the foundation stiffness increases. From an engineering perspective, 
it is therefore important to design the foundation so that the critical speed of the 
system is sufficiently different from the maximum operational speed of the train. 
The analytical study on the curved track subject to a moving train load further 
reveals that for train speed exceeding the track design speed, the radial displacement 
of the rail is in the outward direction away from the center of curvature. In view that 
the magnitude of the radial displacement increases rapidly as the speed of moving 









superelevation carefully or apply strict control on the train speed so that negative 
effects such as rail widening can be avoided. 
The numerical study of curved HSRs using the MEM reveals that when the train 
is traveling at the design speed of the track, the DAF in contact forces at the trailing 
wheels are larger than that on the leading wheels for all cases of speeds and track 
irregularities investigated. The difference is found to be augmented for higher speeds 
and/or more severe track irregularities. This finding has important bearing on the 
maintenance of the train wheels as it is expected that the trailing wheels are likely to 
experience faster wear and tear than the leading wheels.  
When the train is traveling at a speed higher than the design speed, it is found that 
the contact force on the outer rail is larger than that on the inner rail due to the 
centrifugal effect. The ratio of DAF in contact force for outer to inner rail, 
DAFo/DAFi, is found to increase more or less linearly as the train speed V increases 
initially beyond the track design speed VD. As V/VD increases further, the ratio 
DAFo/DAFi is then found to increase sharply. To illustrate this point, the difference in 
contact forces at outer and inner rails is noted to be around 25% when the train speed 
exceeds the curved track design speed of 50 m/s by about 30%. This difference 
doubles to 50% when the train speed exceeds the design speed by about 60%. 
However, beyond this, the difference is found to double to 100% when the train speed 
increases by approximately another 30% only. Similar alarming trends are observed 
for all the other curved tracks considered in this study. It should be noted that the 









safety and maintenance issues. The larger the difference, the greater the risk of 
possible instability of the train and faster rate of wear and tear in wheels and track.  
Besides the undesirable large difference in the contact forces at the inner and 
outer rails, it is important to consider the potential instability effect arising from the 
jumping wheel phenomenon, which has a higher chance of occurring at the inner rail 
for curved tracks with higher design speed. Results obtained from the case study have 
shown that after a certain time, there is occurrence of the jumping wheel phenomenon 
when the traveling speed of train is far above the design speed. The contact force at 
the inner rail is found to eventually decrease to zero permanently resulting in the loss 
of contact between the wheel and inner rail and the inducement of possible derailment. 
It is therefore important that the radius of track and/or track superelevation be 
designed properly and the operational speed of the train be controlled not to exceed 
the track design speed to safeguard no derailment of train as well as avoid faster 
deterioration in the conditions of the wheels and railhead.  
In addition to the aforementioned findings, it should be emphasized that the 
proposed computational scheme based on the MEM for the treatment of various HSR 
problems are verified against available analytical solutions and/or the FEM. 
Comparison of results reveals that the proposed MEM technique is superior to the 
FEM in terms of both accuracy and efficiency. Consequently, the computational 
technique developed in this thesis may therefore be employed effectively for the 











8.2  Recommendations for Future Work 
As can be seen in the aforementioned sections, the new developments to the 
methodology and the proposed computational models are shown to be effective for 
dealing with various HSR problems. It should be noted that, however, an assumption 
is made throughout this study that the contact surface is always located at the center 
of the railhead surface. Although reasonable in most practical cases, it is strictly never 
the case when lateral sliding of the train is not negligible. For this reason, one 
improvement could be to model the rail beams using shell or solid elements to allow 
for more accurate capturing of the interaction between the wheel and rail.  
It should be also noted that this thesis is focused on the short term response 
analysis of the HSR system. For this reason, the linear elastic theory governing the 
motion of the train-track system has been adopted. For the analysis of long term 
behavior of the system, however, plastic analysis is necessary in order to study the 
effect of residual stresses and fatigue of the system, especially the rail beam. 
Besides the improvement leading to a more realistic HSR model, there are also 
several interesting topics on the dynamic response of a HSR system that are worth 
investigating. These topics are summarized below: 
(1) Operation of HSR during variable velocity phases 
Most research works, including this study, on the dynamic response of HSRs are 
carried out based on the situation that the train is traveling at a constant velocity. This 
is reasonable in view that during most of the travel time, the train is cruising at a 









uniform velocities, especially when accelerating to attain maximum operational speed 
or decelerating when approaching a curved track or coming to a halt at a station. It 
should be also noted that when high deceleration occurs such as during an emergency 
situation, sliding of wheels may occur and there are heightened concerns over the 
possibility of train derailment and damaging impact of the large forces acting on the 
wheels and rails. It is therefore worthwhile to investigate the response of a HSR 
system involving accelerating and/or decelerating phases, especially when the speed 
of train and degree of severity of track irregularity are not small. 
(2) Dynamic response of HSR over vertically inclined or curved rails 
In real cases, the railway tracks are not always resting on its supporting 
foundation that is perfectly horizontal. Under such circumstances, the angle of 
inclination and/or the curvature of possible vertically curved rails may have a negative 
effect on the stability and safety issues of the train carriage as well as the level of 
comfort of the passengers. In addition, the large contact forces induced when the 
high-speed train enters the vertically inclined or curved rails may speed up the wear 
and tear of the wheels and rails. It is therefore important to investigate the effect of 
the angle of inclination and/or the curvature of the track path as the high-speed train 
transits from horizontal track to an incline and vice-versa. 
(3) Dynamic response of maglev trains 
Most current research works on the dynamics of HSR systems are concerned with 
conventional train-track systems only, i.e. the train wheels make continuous contact 
with the rails. It should be noted, however, there exists another type of unconventional 









systems, there is a set of electrically powered magnets along the track that keep the 
train afloat. When compared to conventional high-speed trains, the maglev trains 
enjoy several advantages including technically simpler and physically lighter car 
bodies. However, problems do exist in maglev trains including braking due to the less 
friction when compared to conventional high-speed trains. Once accident occurs, it 
also introduces difficulties to rescue actions as most maglev trains run on elevated 
bridges. In view of this, the dynamic behavior of a maglev train is thus an interesting 
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I  Taylor-Galerkin Approach 
In an analysis using the MEM, a negative numerical damping term arises due to 
the adoption of moving coordinate system as shown in Eq. (3.8), which tends to 
destabilize the numerical solution if the standard Galerkin approach is employed. The 
numerical instability issue becomes particularly critical when speed of the moving 
load/train is high in view that the magnitude of the negative numerical damping is 
proportional to the convection velocity.  
The aforementioned instability problem corresponds to the adoption of the 
Galerkin’s approach for the treatment of the non-symmetric convective term in the 







2  contains first order derivatives of the shape functions, however the 









, contains second order derivatives of the shape 
functions. In a straightforward discretization, the two convective terms are not 
represented with the same degree of accuracy. A Taylor series analysis, however, is 
able to identify the discrepancy (Andersen et al. 2007, Donea 1984, Krenk et al. 1999). 
This results in a compensating correction term to be introduced into the governing 
equation of the railway beam in the moving coordinate system, which works in a way 
similar to the upwind weighting. The governing equation can be then solved by a 
standard Galerkin approach without incurring numerical instability problem.  
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  (I.1) 
where HOTs denotes the higher order terms. Note that this backward Taylor series 
expansion corresponds to the upwind differencing scheme. In view of Eq. (I.1), the 
spatial difference of y may be written as 
   
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The first term on the right hand side of Eq. (I.3) is representative for the spatial 
discretization, and the second term is the compensating correction which needs to be 
subtracted from the original governing equation of motion expressed in Eq. (3.2) 
(Krenk et al. 1999). The modified governing equation of motion of the railway beam 
may be written as 






































































2 2 (I.4) 
A suitable empirical value for the convection correction parameter Δr is found to 









II  Algorithm of Solution to Hertz Contact Model 
In an analysis using moving sprung mass model, a Hertz contact model 
describing the behavior at the wheel-rail interface is adopted. Unfortunately, the 
relationship between the contact force and indentation at the contact point, as stated in 
Eq. (2.15a), is nonlinear. This nonlinear relationship may cause complications in 
numerical implementation, as the FEM and MEM are generally meant to solve sets of 
simultaneous linear equations only. In order to overcome the aforementioned 
complication, special techniques need to be employed. Newton-Raphson’s scheme is 
one of the most popular methods for solving nonlinear equations (Bathe 1996). In this 
section, the procedure of adopting Newton-Raphson’s approach in the treatment of 
nonlinear equations arising from the employment of nonlinear Hertz contact model 
will be presented.  
For the sake of simplicity, we shall review on the moving sprung model in which 
there is a single contact between the wheel and rail only. The governing equation for 
the wheel-set in this model is presented in Eq. (2.4). For ease of reference, this 
equation of motion is rewritten here as 
 (II.1) 
In view of the Hertz contact force as shown in Eq. (2.15a), the governing 
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For the purpose of simplifying the formulation, an equilibrium function 
 is assumed which may be written as 
 (II.3) 
The aim is to find values for the variables so that f = 0. At the first step, initial 
trial values are assumed such as 
 (II.4) 
where superscript 0 denotes the initial iteration. 
Note that the initial trial values may not be the exact solution. Now we hope to 
find better trial values which are closer to the solution. This new set of trial values are 
obtained by the use of linear approximation based on Taylor series expansion about 
the initial set of trial values. The equilibrium function at the new iteration step can 
thus be written as 
 (II.5) 
where U is the vector of variables which can be written as 
 (II.6) 
In view that the speed of convergence depends on the nonlinearity of the equation 
as well as the initial trial values, the condition of  may hardly be achieved. 
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until the satisfactory convergence of the solution is obtained. For this reason, it is 
convenient to rewrite Eq. (II.5) in a more formal manner as 
 (II.7) 
By employment of Eq. (II.7), the values for vector U at iteration step i+1 could be 
obtained based on the values of U at ith step. Note that the criteria for finding 
solutions fulfilling the condition of convergence, i.e. , is that the increment in 
U should be within prescribed numerical tolerance as 
 (II.8) 





































III  The Effect of Track Irregularity on DAFo/DAFi 
In the analysis of a train traveling over a curved track, it is noted that the outer 
rail is subject to higher magnitude of normal contact force than the inner rail for the 
case when the train is traveling at a speed greater the design speed of the curved track. 
In view that large difference between the contact forces at the inner and outer rails 
tends to induce instability problem of the train-track system, it is therefore important 
that the effect of various parameters on the ratio DAFo/DAFi is investigated. 
It is interesting to observe from the results presented in Chapter 7 that for a given 
speed ratio V/VD, the normal contact force ratio DAFo/DAFi is noted to be smaller for 
the curved track with higher design speed when compared to that with lower design 
speed. It is suspected that the reduction in the contact force ratio arise from the 
dynamic component of the contact force induced by the speed and track irregularity. 
In order to validate this finding, it is necessary to investigate the relationship among 
the speed of train, track irregularity and the contact force ratio mathematically. For 
ease of reference, Figure 7.23 which shows the time history plots of contact forces at 
the leading wheels at the inner and outer rails is shown below: 
As can be seen in Fig. III.1, the mean value of the contact forces are virtually the 
same for the two curved tracks studied. This is reasonable in view that the effect of 
speed on the interaction between the wheel and perfectly smooth rail is negligible 
provided that the speed of train is far away from the critical speed of the system (see 
Figs. 5.13 and 5.17 for reference). However, the amplitude of the contact force, which 
is the dynamic component arising from track irregularity, is found to be greater for the 










Figure III.1 Contact force profiles at leading wheels (V/VD = 1.5) 
 
Table III.1 shows the amplitudes of the contact forces between the leading wheels 
and the inner and outer rails for the case in which the track irregularities on both rails 
are identical, i.e. at = 0.1 mm and λt = 1 m. In view that the amplitudes between the 
outer and inner rails are virtually the same, it is reasonable to formulate the normal 

















cyF  denote the normal contact forces exerted on the outer and inner rails, 
respectively; 
os
cyF  and 
is
cyF  the contact forces at outer and inner rails, respectively, for 
the case of a perfectly smooth rail surface; 
d
cyF  the dynamic contact force component 
induced by the track irregularity.  
 
Contact force at outer rail (VD = 50 m/s) 
Contact force at inner rail (VD = 50 m/s) 
Contact force at inner rail (VD = 90 m/s) 














Speed ratio V/VD 
1.2 1.4 1.6 1.8 
50 Outer rail 0.845 kN 0.700 kN 1.010 kN 1.615 kN 
Inner rail 0.850 kN 0.694 kN 1.010 kN 1.605 kN 
70 Outer rail 1.210 kN 2.450 kN 4.480 kN 5.715 kN 
Inner rail 1.210 kN 2.455 kN 4.490 kN 5.720 kN 
90 Outer rail 3.935 kN 5.720 kN 6.745 kN 8.250 kN 
Inner rail 3.935 kN 5.715 kN 6.750 kN 8.250 kN 
 
Consider next the cases where two curved tracks of different design speeds VD1 
and VD2, respectively, are traversed by a moving train traveling at an identical speed 
ratio V/VD, i.e. V1/VD1 = V2/VD2, where V1 and V2 denote the traveling speed of the 
train curving along the aforementioned two tracks. Note that the curvature of the first 
track is assumed to be sharper than the second, i.e. VD1 < VD2. The contact forces 




















cyF  is generally greater than 
2V
d
cyF  based on the findings of this thesis.  
The dynamic amplification factor (DAF) in contact force is computed by taking 
the ratio of the maximum dynamic contact force to the combined self-weights of car 









rails are virtually the same due to the small magnitude of the superelevation angle, the 




















FF  (III.6) 
For the purpose of examining the effect of track irregularity and speed on the 
ratio DAFo/DAFi, it is reasonable to investigate the difference between the ratios as 




R   (III.7) 
where DAFR  denotes the residual of the DAF ratios. Through mathematical 
manipulation, this residual can be obtained as 
   





























  (III.8) 
As explained in Chapter 7, the normal contact force exerted on the outer rail is 
observed to be greater than that on the inner rail for the case when the traveling speed 
of train is higher than the design speed of the curved track. Under such circumstance, 
the residual DAFR  is positive. This implies that the ratio DAFo/DAFi is lower for 
curved tracks with higher design speed for a given V/VD. This also explains the trends 
of the curves presented in Fig. 7.23 and the finding that the ratio DAFo/DAFi for 
tracks with higher design speeds is lower when compared to that corresponding to 
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